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Abstract. We study the invariant measure of the one-dimensional stochastic 
AUen-Cahn equation for a small noise strength and a large but finite system. 
We endow the system with inhomogeneous Dirichlet boundary conditions that 
enforce at least one transition from —1 to 1. (Our methods can be applied to 
other boundary conditions as well.) We are interested in the competition between 
the "energy" that should be minimized due to the small noise strength and the 
"entropy" that is induced by the large system size. 

Our methods handle system sizes that are exponential with respect to the in- 
verse noise strength, up to the "critical" exponential size predicted by the heuris- 
tics. We capture the competition between energy and entropy through upper and 
lower bounds on the probability of extra transitions between ±1. These bounds 
are sharp on the exponential scale and imply in particular that the probability of 
having one and only one transition from —1 to +1 is exponentially close to one. 
In addition, we show that the position of the transition layer is uniformly dis- 
tributed over the system on scales larger than the logarithm of the inverse noise 
strength. 

Our arguments rely on local large deviation bounds, the strong Markov prop- 
erty, the symmetry of the potential, and measure-preserving reflections. 



1. INTRODUCTION 

In this paper we study the unique invariant measure of the stochastically per- 
turbed AUen-Cahn equation 

dtUe{t,x) = dlue{t,x)-V'{Ue{t,x)) + V2i7j{t,x), (1.1) 

where is a one-dimensional order parameter defined for all non-negative times 
t € M+ and x G {—Li;,Li;). Here t] is a. formal expression denoting space-time 
white noise and y is a symmetric double-well potential. The canonical choice for 
Vis 

Viu) = 

although more general choices are possible (see Assumption 1 1.1 1 below). We are 
interested in the properties of the invariant measure for large system sizes, 

Le » 1. 

It is well-known that for e J, and fixed system size L, the invariant measure of 
the Allen-Cahn equation concentrates on minimizers of the energy 

y^^Q(9,n)2 + y(n)j dx. 
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This follows from large deviation theory. In fact, even for system sizes that 
grow with e, the same is true. Indeed, in BWeblOII the second author proved this 
fact for ~ for any a < |. 

Our main goal in the current paper is to go up to interval sizes that are exponen- 
tial with respect to e^^ and, specifically, to understand the competition between 
energy and entropy that emerges in this regime. Let us first consider the effect of 
energy on the measure. The intuition is that the invariant measure can be viewed 
as a Gibbs measure with the given energy, i.e., that it is in some heuristic sense 
proportional to 

exp (^-^ + dx^ . 

The heuristic picture then says that, because of the potential term in the energy, 
functions u supported on this measure are most likely to be close to one or the other 
minimum of V on most of [— Lg, L^]. On the other hand, because of the gradient 
term in the energy, there is an energetic "cost" cq for each transition between these 
two preferred states, making such transitions unlikely. When the system size is 
order-one, this is the end of the story. 

Now let us consider the competing effect of entropy on the measure when the 
system size is large. Namely, the probability of finding a transition between the 
minima of V is increased by the fact that it is possible for the transition to occur 
anyplace in the system. Hence, the folklore is that the probability of finding n 
transition layers scales like 

(L,rexp(-^). (1.2) 

This competition between entropy and energy is captured (on the exponential level) 
in our first theorem. Theorem 1 1.5 1 below. Our second result. Theorem 11.91 then 
shows the uniform distribution of transitions within the domain. 

As far as our methods, the central idea is that one can decompose the measure 
into conditional measures and the corresponding marginals in order to reduce to 
order-one intervals on which one can apply large deviation theory. Along the way, 
it is important for us to use measure-preserving reflection arguments that allow us 
to transform the underlying Brownian paths. The detailed structure of the (deter- 
ministic) energy functional is also critical in our proofs. 

We will state our results in detail in Subsection 11.21 after first explaining our 
set-up and notation. 

1.1. Set-up and notation. For the potential V in (11.11 ). we need a symmetric 
double-well potential with at least superlinear growth at infinity. For simplicity, 
we assume that the two minima of V are normalized to be at ±1 and that the mini- 
mum value of the potential is zero. To be precise, our assumptions are: 

Assumption 1.1. V is a smooth, even potential such that, on (0, oo), V satisfies 

V{u) > and V{u) = ijf u = 1, 

V {u) = if and only if u = 1, 

V"{1) > 0, 

V{u) > u^'^'^/C for u>C for some C < oo and ^ > 0. (1.3) 
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Remark 1.2. If we assume superquadratic growth on V at infinity (recall that we 
have quartic growth of the standard double well potential V{u) = (1 — m^)^/4), 
some of our technical lemmas simplify slightly. In particular, one can remove the 
dependence of the minimal system size on M in Lemmas l2.3l and 1231 

Because of the normalization of our potential, the transitions that we are inter- 
ested in are transitions between ±1. We make the notion precise in the following 
definition. 

Definition 1.3 (Up/down transition layers). We say that u has an up transition 
layer on (x_,x+) if 

u{x±) = ±1 and \'u{x)\ < 1 for all x £ (x_,x+). 

We say that u has a down transition layer on (x^ , x^) if the same condition holds 
with signs reversed, and that u has a transition layer if it has an up or down tran- 
sition layer 

For the boundary conditions on our PDE, we will work with the popular inho- 
mogeneous Dirichlet boundary conditions 

Ue{t,±L,)=±- V{e'/^{u-l) + l)l. (1.4) 
^ J -to 

Because of the boundary conditions, there is necessarily one up transition layer, 
and the question is whether there are additional transition layers. Moreover, if there 
are additional layers, they come as a pair of an up layer and a down layer. Note 
that our methods can also handle other boundary conditions, for instance periodic 
boundary conditions or Dirichlet boundary conditions that do not force a transition 
layer to be present. 

We will denote the invariant measure of (II. Il l subject to the boundary condi- 
tions (11.41 ) by ^ ) and the corresponding expectation by E^^'^^^ ^(•). We 

will often use the fact that the measure u /^r r \ can be written as a Gaussian 
measure with density ||Zab89i Namely, one can express the expectation of any test 
function $ as 



-1,1 


'<^iu)exp(^-lJXv{u)dx] 




IffWe -1,1 


exp 


[-iI-LVi^^dx] 







(1.5) 



Here E^"^"^^^ denotes the expectation with respect to the measure W'^^^ ^ y 
which is the distribution of a Brownian bridge on {—L^, L^) from —1 to +1 with 
variance proportional to e. Properties of W~^^^^^ ^ ^ will be discussed in detail in 
Section [3l 

The deterministic AUen-Cahn equation (set = in (II. It ) is the L^-gradient 
flow of the energy 

E{u):= {]^{d^uf + V{u)^ dx. (1.6) 



4 



FELIX OTTO, HENDRIK WEBER, AND MARIA G. WESTDICKENBERG 



When we need to refer to the energy on all of M or the localized energy on a 
subinterval, we will denote this with a subscript: 

£^(-00,00) (n) = j + V{u)^ dx, 

E(-e,e){u) = Q(a,n)2 + V{u)^ dx. (1.7) 

As mentioned above, the energy functional will be important for understanding 
the invariant measure of the stochastic equation. In particular, the probability of 
finding transition layers will depend on the energetic "cost" of a transition layer on 
M, that is: 

Co := inf {E(^_^^^){u): u(±oo) = ±l}. (1.8) 
It is well known IIMM77II that this cost can be computed explicitly as 

Co = y ^/2V{u) du ^"#3 2 y y/2V{u) du; (1.9) 

see the beginning of Section[2]for an explanation. 

We will often refer to scaling regimes in our results. To this end, we define the 
following notation. 

Notation 1.4. The well-established theory of large deviations applies on intervals 
whose length is order-one with respect to e. A main point of this paper, however, is 
to obtain estimates on intervals that are exponentially large with respect to e and 
for which, consequently, the established theory does not apply. We therefore use a 
subscript of e in order to distinguish interval lengths that are large with respect to 
efrom quantities that are order-one with respect to e. 

To specify bounds with respect to e, we sometimes make use of the shorthand 
notation <, and ^. To explain: We write 

if for every C < 00, we have A^/B^ < 1/C for e sufficiently small. 
We write 

Ae<B, 

if there exists a universal constant C < 00 such that A^ < C Bg,, and similarly for 
As ^ Bi;. If both inequalities hold, then we write ~ B^. 
We write 

Ae^B, 

if for every a > Qwe have A^ < B^ + a for e sufficiently small, and similarly for 
As ^ -Bg. If both inequalities hold, then we write A^ ~ B^. 

We use numbered constants Ci, C2, et cetera, to denote specific constants that 
we refer to later in the paper On the other hand, we use C to denote a generic 
order-one constant whose value may change from place to place. Throughout the 
article, C or a numbered constant Ci is a constant that is universal except for a 
possible dependence on the potential V. 

We are now ready to state our results. 
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1.2. Main results. Recall that the boundary conditions imply that there must be 
at least one up layer and that any additional layers come in pairs. We will always 
consider the regime where the system size satisfies 

K < exp for some cj, < cq. (1.10) 

(Recall that cq is the energy cost defined in (11.81 ).) This is the regime in which one 
expects the probability of extra transitions to go to zero and in particular to obey 
the energetic and entropic scaling expressed in (ll.2l i. Our first result captures this 
behavior on the exponential level. 

Theorem 1.5. Suppose that satisfies (11.101) . Then for every n G N and 7 > 
sufficiently small, there exists eg > such that for e < £q, one has the upper bound 

/i^^^^^ L ) ( ^ ^'^^ (^^ ^ ^) transition layers ) 
< {L,?- exp (_^!^) , 

and the lower bound 

/"e \-L L ) ( ^ ^'^^ (^^ + 1) transition layers ) 
> {Lsf- exp (_^!^) . 

Remark 1.6. One should note that because of the error term 7, our result sees only 
information on the exponential level. In particular, if one has an exponential system 
size such that 

e log Le K, c'o < Co, 
then what our result says is that for any n G N we have 

e log /^^(l^^ L ) ( ^ ^'^^ (^"' + ^) transition layers ) — 2n(co — Cq) . 

Remark 1.7. Throughout the paper, when we say "u has 2n + 1 layers," we mean 
that u has at least 2re + 1 layers. 

Remark 1.8. As mentioned above, our techniques can also handle different bound- 
ary conditions, e.g., periodic boundary conditions or Dirichlet boundary conditions 
that do not enforce a transition layer. For instance, for periodic boundary condi- 
tions or Dirichlet conditions u{-^L^) = 1, the probability of 2n transition layers is 
bounded above and below by 

[Le) expl 

respectively, while for homogeneous Dirichlet boundary conditions, the probability 
of n transition layers is bounded above and below by 

{Le) expl 1, 

respectively. 

Our second main result states that, on scales larger than logarithmic in 1/e, the 
layer location is uniformly distributed in the following sense. 
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Theorem 1.9. Consider /x^ ^'^^ ^ ^ in the regime 

I loge| <^ < exp (^~^ for some Cq < cq. (l-H) 
Let ds > be such that 

I loge| <^ds < Le. 
Then uniformly for any x such that [x — ds,x + d^] C [— Lg, L^], we have 

fi^ ^ J [there is an up layer contained in [a; — dg, x + dg]) ~ 1. (1.12) 

The theorem says that the probability of finding an up transition layer in a subin- 
terval of length 2de given a system size 2^^ is approximately de/ in the sense 
expressed in (I1.12l i. independent of the location of the subinterval. (The existence 
of an up transition layer somewhere in the system is forced by the boundary con- 
ditions.) In this sense, the layer locations are approximately uniformly distributed. 
The theorem is strongest when considering de at the lower range of validity: It 
shows that the uniform distribution holds not only on macroscopic intervals but 
also down to the logarithmic scale. 

We remark that the uniform distribution of the layer location in our regime is 
very different from the characterization of the layer distribution in the case = 
I log e|/4 studied in BBBBOSbll : see Subsection 1 1 .41 below for more discussion. 

1.3. Methods: Markovianity, compact sets, and reflections. Our approach for 
Theorem 1 1 .5 I relies on a simple idea. Namely, while we cannot use large deviation 
theory directly on {—L^, L^), we can use the Markovianity of the underlying ref- 
erence measure to reduce to order-one subintervals on which we can. In particular, 
by taking large (but order-one) subintervals and conditioning on the boundary val- 
ues of a larger, surrounding subinterval, we can take advantage of large deviation 
bounds with a cost that is to leading order independent of the subinterval size. This 
method is similar in spirit to Freidlin and Wentzell's approach of calculating the ex- 
pected exit time from a metastable domain for a diffusion process with small noise 
( IIFW981 . see Subsection II. 4l for a more detailed account of the related literature). 

To illustrate the idea, suppose that we want to estimate the probability that there 
is a transition layer contained within [—1, i] for some I large. (Transition layers are 
introduced in Definition 1 1 . 3 1 above : roughly, they are layers connecting ±1.) The 
Markov property (Lemma |3^ implies that this probability can be written as 

^^(~L„L,) (transition in(-^, £)) 

/oo /»oo 
/ v{du^,du^) ji^^'f^^^^ ^^s^{imn&iiionm{— I, tj) . (1-13) 
-oo J —oo ' ' 

Here u denotes the marginal distribution of the pair {u{—2£) , u{2£)), and ^""^l^g^ 2e) 
denotes the distribution of paths on {—2£, 21) with boundary conditions u± (see 
Section [3]for a precise definition of this measure). 

In Subsection l3.2l we establish large deviation estimates for the measures A*" jl^g^ 2i) 
that hold locally uniformly in the boundary values u±. Hence for u± in some large 
compact set, we can integrate over these bounds in (11.131 1. On the other hand, the 
probability that the boundary values u± fall outside of the compact set [— Af , M] 
for M 1 decays exponentially with M (see Lemma l4~T] below). 
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Figure 1.1. A vertical reflection turns a transition layer into a 
"wasted excursion" in which (roughly speaking) the path goes 
from —1 to and then back to —1. The probability of a wasted 
excursion on {—C-,tj is approximately independent of the bound- 
ary conditions at ±2^. 

For boundary values within the compact set [— M, M], large deviation theory 
gives the uniform estimate 



Here AE' (transition) denotes the difference between the minimal energy of paths 
that perform a transition in {—(-,€) and the minimal energy of any profile u that 
satisfies the boundary conditions u{±2€) = u±. (See Subsection 13.21 for a more 
complete discussion.) 

Now we arrive at the second problem, which is more subtle. The issue is that 
the energy difference Ai?(transition) depends strongly on the boundary conditions. 
The cost that we are expecting to recover is cq, defined in (11.81) . However, if u_ 
—1 and PS 1, for instance, then the energy difference is approximately zero! 
In this case, the information about the probability of a transition is encoded in the 
distribution u. 

Our idea to handle the problem of dependence on the boundary conditions relies 
on Markovianity and the global symmetries of fJ-^^^'^ ^ y What we want to do 
is to transform a transition event into an event that does not feel the influence 
of the boundary conditions. Roughly, the new event will be that there are points 
X < y < z G (— ^, ^) such that u{x) ^ u{z) ^ —1 while u{y) = 0. (See Figure 
11.11 for an illustration and Definitions 12.41 and 12.71 for formal definitions of these 
"wasted excursions.") The expected cost for such an event is also cq, and a little 
thought reveals that this should be the energy difference regardless of the boundary 
conditions at ±2£. (For a result in this direction, see Lemma 1231 ) 

In order to transform transitions into wasted excursions, we use the strong Markov 
property (see Lemma 13.31 ) and the symmetry of V. Specifically, we reflect paths 
vertically between certain hitting points of zero in such a way that leaves /U^^ll^. l ) 
invariant. For details, see for instance (I4.22l i and the subsequent calculations in the 
proof of Theorem 1 1.5 1 

A different reflection operator turns out to be useful when we come to the 
proof of the uniform distribution of the layer location in Theorem 11.91 Again 
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Figure 1.2. A point reflection between a hitting point of —1 and 
a iiitting point of +1 moves tiie transition from tiie interval Ji into 
the interval J2. As the point reflection preserves the measure, both 
events have the same probability. 



the Markovianity and the symmetry of fi^ J^^^ ^ ^ are crucial. Here the rough 
idea is to show that the probability of finding the transition layer in any interval 
[y — d£,y + dg] is approximately the same as that of finding the layer in any other 
interval [z — d^, z + de]. In Section[5l we construct a measure-preserving reflection 
operator that transforms paths with a transition in [y — de,y + d^] into paths with a 
transition in (or near) [z — de, z + de]. We build this reflection operator using cer- 
tain hitting points of —1 and +1 to the left and right of the transition layer. (This 
is illustrated in Figure [Ol ) Hence a key point is to prove that, on the set of paths 
with a transition in [y — d^^y -\- d^], such hitting points exist with high probability. 
This fact is developed in Lemmas [5.11 and [S!2l using an iterated rescaling argument 
and large deviation bounds. 

1.4. Background literature and related results. The study of the effect of a 
small noise on a physical system has a rich history in the chemistry, physics, 
and mathematics literature. With roots in the fluctuation theory of Einstein HEilOl 
(1910), the path integral formulations of Wiener [ W30 | (1930) and Feynman fFe48| 
(1948) lie at the heart of the large deviation theory for diffusion processes and the 
characterization of the corresponding invariant measure. One of the aspects to 
receive the most applied interest and significant mathematical attention is the ques- 
tion of the first exit time from a metastable basin. The exponential dependence 
of the mean exit time on the energy barrier goes back to Van't Hoff and Arrhe- 
nius IIVH841IA89II (1889). Refining this picture, the so-called Kramers formula de- 
termines the prefactor in terms of the curvature of the potential at the critical points 
and was made famous in the 1940 paper by Kramers [Kr40J, although the result 
(for the overdamped dynamics) had been derived as early as 1927 by Farkas IIFa27ll . 
See the review paper by Hanggi, Talkner, and Borkovec IIHTB90II for a thorough 
historical survey. The higher dimensional case was analyzed by Landauer & Swan- 
son [LS61 1 in 1961 and further pursued by Langer (see for instance IIL69II . 1969). 

In the mathematics literature, metastability for diffusion processes that depend 
only on time (i.e., constant in space) was explored early on in the paper by Pon- 
tryagin, Andronov, and Vitt [IPAV331 (1933). The mathematical theory of large 
deviations was subsequently developed in the 1970s in papers by Wentzell and 
Freidlin (see for instance IIWF701 ) and Kifer IIKi74ll . and a landmark text is the 
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book of Freidlin-Wentzell IIFW981 (published in Russian in 1979 and first pub- 
lished in English in 1984). On the level of the mean exit time, the Freidlin-Wentzell 
theory confirmed the exponential factor in the Kramers formula. The prefactor in 
Kramers' law for d > 1 was established via formal asymptotic expansions in the 
famous paper by Matkowsky and Schuss IIMS77I in 1977. A rigorous derivation 
was given by Sugiura in liS951 and independently and with a different method by 
Bovier, Eckhoff, Gayrard, and Klein rBEG K04[|BGK05ll . 

The small noise problem for stochastic partial differential equations appears 
more recently in the mathematics community. A seminal paper in extending the 
Freidlin-Wentzell theory to spatially varying diffusions is the paper of Faris and 
Jona-Lasinio pFJ821 from 1982, which specifically established and studied the ac- 
tion functional of the stochastic AUen-Cahn differential equation on a bounded 
system [0, L]. The invariant measure of stochastically perturbed reaction diffusion 
systems (including the Allen-Cahn equation) on a bounded domain is studied by 
Freidlin in [Fr88 | in 1988. Recently, Barret, Bovier, and Meleard rB BM10llBT2ll 
and Berglund and Gentz [.BG12.I have established the mean exit time estimate in- 
cluding the prefactor for a class of equations including the Allen-Cahn equation. 

As we have emphasized in the beginning of the introduction, in this paper we are 
concerned with the interplay between small noise and large domain size. Specif- 
ically, we are interested in system sizes that are exponential with respect to the 
inverse noise strength. Before turning to the invariant measure for unbounded sys- 
tems, we remark that there is already an entropic, system-size dependent component 
of the mean switching time when there is a "flat" or "degenerate" saddle point, e.g., 
for the Allen-Cahn equation in the periodic case. Specifically, the prefactor picks 
up a factor that is proportional to the volume of the degenerate set. This fact was 
observed already by Glasstone, Laidler, and Eyring [GLE41_| (1941) in the context 
of transition state theory, and the estimates in the setting of overdamped diffusions 
were developed by Langer [L69 | (1969) and Matkowsky & Schuss liMS77l (1977). 
See also IIVW08II for an independent, also formal, derivation. 

The dynamics of the stochastic Allen-Cahn equation (11.11 ) have been considered 
by several authors. In particular, in the groundbreaking works of Funaki ||Fu95l 
and Brassesco, De Masi, and Presutti IIBDMP95I . the dynamics of very similar 
equations were studied. In |'Fu95l|, the equation (11.11 ) is considered on the whole 
line with boundary conditions that enforce one transition. The noise term ^/2eri 
is multiplied by a function with compact support. In terms of our notation, the 
noise acts on an interval of length polynomial in e^^. In IBDMP95L the equa- 
tion (11.11 ) is considered for = e^^ with Neumann boundary conditions. In both 
articles, the initial condition is chosen close to the optimal profile of a single transi- 
tion, and it is shown that the solution stays close to an optimal profile on timescales 
that are polynomial in e~^. The evolution of the midpoint of the transition layer is 
also characterized: In IIFu951 . the interface dynamic is given by a stochastic differ- 
ential equation that reflects the spatially dependent noise strength. In IIBDMP95II . 
it is shown that the midpoint performs a Brownian motion. The dynamic behav- 
ior observed in both of these articles is consistent with our results on the invariant 
measure. In particular, the Brownian motion of interfaces is consistent with the 
uniform distribution of layer location that we observe in Theorem 1 1.91 

Now let us consider the interplay between small noise and large domain size. 
The idea of understanding large deviation events on large spatial systems via a 
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decomposition into subintervals (intermediate in size between the logarithmic and 
exponential scale) is used in the paper IIVW081 to heuristically derive the nucle- 
ation and propagation dynamics in the setting of an unequal-well potential. In 
rigorous work on the invariant measure for the equal-well case, the second author 
derived a concentration result for the measures fi^ ^^^^^ ^ ^ in MWeblOJ for system 

sizes that are large but algebraically bounded: specifically, < e~" for a < 2/3. 
The technique used there is completely different from the one employed in the 
present article, however. In HWeblOl . the measure is discretized to make rigorous 
the heuristic intuition that fJ'~j'\ r is a Gibbs measure. Explicit bounds on the 



energy landscape and Gaussian concentration inequalities are then used to derive 
bounds on this discretized measure. This technique does not appear to be applica- 
ble for longer intervals because the discretization errors become too large. 

In the articles IBBBOSaj and [BBBOSb], the special case of intervals growing 
like Li; = j \ lege I is studied. (The pref actor 1/4 depends on a specific choice of 
double-well potential.) The article uses the fact pointed out in IIRVE051I that the 
measure r ) can be realized as the distribution of a diffusion process 



conditioned on the event u{Li;) = 1. The drift term is the logarithmic derivative 
of the ground state of the Schrodinger operator — e^A + V. (In most cases, the 
drift ag cannot be given explicitly.) This is the extension to bounded intervals of 
the well-known equivalence for the measure on the real line, cf. |S79|. 

Building on the connection between the invariant measure of the PDE and the 
process in (I1.14I ). | BBBOSb] derives a concentration result around the one-parameter 
family of energy minimizers. Furthermore, the authors characterize the asymptotic 
distribution of the position of the interfacial layer. It is nonuniform due to the 
energetic repulsion from the boundary of the interval. To see this nonuniformity, 
the moderate scaling ^ \ loge| is necessary. Incidentally, this shows that our 
lower bound S> | loge| in Theorem 1 1.91 is optimal: Below the scale of | loge|, 
nonuniformity occurs. Loosely speaking, the results in HBBBOSbll and ours are 
compUmentary. They obtain finer results on logarithmically large system sizes, we 
obtain coarser results on exponentially large system sizes. 

Results similar to (but different from) ours were obtained in fCOP931 for a one- 
dimensional Ising model with ferromagnetic Kac potential. This is a spin model 
whose spins interact not only with their nearest neighbors, but with all spins in a 
given range. The authors study the limit in which this range diverges. This corre- 
sponds to the limit e | that we investigate. Their main argument relies on a large 
deviation statement for the whole system in a local topology. This large deviation 
result implies, for example, that the the local spin averages concentrate around ±1 
and that probability to see a transition from —1 to +1 in any given compact in- 
terval is exponentially small. The exponential rate is given by the energetic cost 
of a transition (similar to the constant cq in this work). The significant difference 
between their large deviation bounds and ours is the dependence on the boundary 
condition. Their bounds state that the exponential decay of the probability of ob- 
serving a certain behavior on an order-one interval is governed by the energy. We 
only get bounds for the measures conditioned on the boundary values on that inter- 
val. The difference is easy to appreciate on the level of the results. As mentioned. 





(1.14) 
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the probability of seeing a transition on a given order-one subinterval in their set- 
ting is exponentially small, while — ^because of our boundary conditions — a similar 
statement cannot possibly hold in our case: Indeed, if it were to hold, we could 
sum over order-one subintervals and deduce that the probability to see a transition 
in the full system goes to zero with the noise, while in fact it is identically equal to 
one. 

Finally, let us touch on the appearance of measures similar to IJ'^]^'^ ^ in the 
study of Schrodinger operators. The Feynman-Kac formula gives a way to solve 
the imaginary time Schrodinger equation (i.e., the heat equation with a potential) in 
terms of measures that are absolutely continuous with respect to Wiener measure. 
In this context, our model is often referred to as the model and the limit e ^ 
corresponds to the semiclassical limit in which the Planck constant h is sent to 
zero. Lemma l4~n for instance, is closely related (but not equivalent to) a statement 
about the decay of the ground state for the Schrodinger operator A + F as e | 0. 

1.5. Organization. We begin with preliminaries: In Section 2 we collect some 
properties of the energy functional, and in Section 3 we collect some probabilistic 
properties of /^^(l^j^ ^ and of the underlying Gaussian measures. With these pre- 
liminaries in hand, we turn in Section 4 to the proof of our first result. Theorem 1 1.5 1 
In Section 5 we prove Theorem 11.91 the uniform distribution of the layer location. 
Finally, in Section 6 we prove the various technical lemmas that have been used in 
support of the main theorems. 



In this section we discuss some more details about the energy functional E 
(cf. (11.61 )). Our goal is to familiarize the reader with the common intuition about 
this energy, as well as to present some facts that will guide our method and appear 
later in proofs. 

As described above, the potential term in the energy favors the states ±1 and the 
gradient term in the energy leads to an energetic cost for transitions between these 
states. Given our large system and the boundary conditions (11.41) . it is natural to 
consider the problem 



As we mentioned, the minimum cost cq can be calculated explicitly (cf. (11.91 )). 
The calculations underlying this fact appear repeatedly in the proofs of our energy 
lemmas, so we begin by recalling them. The so-called Modica-Mortola trick (cf. 
IIMM77II ) uses the elementary inequality + 6^ > 2ah to observe: 



which gives a lower bound on the energetic cost. For the matching upper bound, 
one observes that the equality + 6^ = 2ab holds if and only if a = 6, so that the 



2. Deterministic preliminaries 



inf{£^(_oo,oo)(''^) : n(±oo) = ±1}. 



inf{-E(_oo,oo)(^i): u{±oo) = ±1} 
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minimum energetic cost is achieved precisely when 



\d^u\ = ^y2V{u). (2.1) 

For our boundary conditions, it is easy to see that the minimum is achieved for the 
strictly increasing function that satisfies 



d^u = y/2V{u). (2.2) 

We denote by m the minimizer that is normalized so that m{0) = 0. This function 
m is then the unique, centered, stationary solution of the Allen-Cahn equation on 
M subject to the given boundary conditions, i.e., the solution of 

d'^m — V'{m) = m(0) = and m(iboo) = ±1. 

In the case of the standard double-well potential V{u) = (1 — u^)^/4, one has 
m{x) = tanh(x/-v/2)- 

For general potentials satisfying Assumption ll.il the energy minimizer has sim- 
ilar qualitative properties to the hyperbolic tangent. In particular, what will be 
important for us is that the minimizer converges exponentially to ±1 as x — )• ±00. 

Lemma 2.1 (Exponential decay of minimizer). Under Assumption \l.l\ on the po- 
tential V, there exists C < 00 such that the global energy minimizer m satisfies 



\m{x) — sign(x)| < C exp 



V"(l) 



The exponential convergence to ±1 follows directly from (12.21 ) and the quadratic 
behavior of V near the minima (cf., Assumption ll.il ). 

In addition to the exponential convergence to ±1, we see from (12.21 ) and As- 
sumption [TTT] that outside of a neighborhood of ±1, the slope of m is bounded 
away from zero. Consequently, there is a characteristic length-scale associated to 
a transition layer. We will use this length-scale in an essential way. That is, since 
we cannot apply large deviation theory on the full system scale L^, we will decom- 
pose into subsystems of bounded size, typically called 2£ or Ai. We will choose the 
subsystem size so that (with very large probability) a typical transition layer fits 
inside, which requires i to be large. In order to make these ideas precise, we begin 
by introducing the idea of a 6' transition layer. Simply put, instead of connecting 
±1, it connects —l + S with 1 — 6. 

Definition 2.2 {6^ transition layer). Fix 6 G (0, 1/2) and suppose x_ < x+. We 
say that u has a 5^ up transition layer between X- and x+ ;/ 

u{x±) = ^{1 — 5) and |n(x)| < 1 — 5 /or a// x G x+). 

We say that u has a 5^ down transition layer on (x_, x+) if the same condition 
holds true with signs reversed, and that u has a 5^ transition layer if it has a 5^ 
up or a 5^ down transition layer 

Since it is of course true that 

/^7(-L L ) ( ^ ^) transition layers ) 

< L ) ( ^ (^"' + ^) transition layers ) , 
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the proof of the upper bound in Theorem 11.51 will be established if we can show 
that for any 7 > and for sufficiently small 6 > 0, there is aneo > such that, for 
all e < eo> we have 

^^7l-L L ) ( ^ ~^ ^) ^~ transition layers ) 

<(L.)-expf-^!^V (2.3) 



The main ingredient for establishing (12.31 ) is the uniform large deviation estimate 
from Proposition 13.41 below, which essentially reduces the problem to one of en- 
ergy estimates. We will control the energy of suitable classes of functions up to a 
small (5-dependence and ultimately absorb this error term into the large deviation 
error 7 from the proposition. 

One of the first steps will be to understand the length-scale associated to 6^ 
transition layers. For any 6 G (0, 1/2), the optimal transition layer captured by 
the energy minimizer m goes from — 1 + 5 to 1 — 5 over a finite length-scale, and 
"typical layers" perform the transition on a similar length-scale. A question that 
we will have to address is how likely it is for a transition to take unusually long to 
complete a 6^ transition. In the following lemma, we show that the difference of 
energies expressed in Proposition I3.4l is large for functions that perform unusually 
long transitions (uniformly with respect to the boundary values). 

Lemma 2.3 (Long transitions). There exists a Ci < 00 (depending only on V) 
such that, for any M < 00 and any 6 S (0, 1/2), there exists an l^^ < 00 with the 
following property. For any i > and u± G [—M, M], set 

^bc ._ 1^ g C{[-2£, 2i]) : n(-2£) = n_ and u{2£) = u+}, 

^0' := {u € A^^ : for all X e [-£,£], u{x) G [-1 + 6,1-6]}. 



Then we have 



2(^2 £ 

inf ^(_2f,2f)W - inf -E^(-2f,2f)M > -7^- (2-4) 



The proof of Lemma [23] is given in Subsection 16.11 This lemma together with 
the large deviation bound from Proposition 13.41 will imply that for 7 small with 
respect to 6'^£, the probability of finding such a layer is bounded above by 

/ 26H/Ci--f\ ( 6'^ I 

exp(^ 1 J^^"H"C^ 

which we can make negligible by choosing I sufficiently large. 

Now we would like to show that the exponential factor in the probability of 
finding a 6" layer is close to cq, defined in (11.81) . Specifically, we expect it to be 
approximately 

»l-<5 

^j2V{s)ds. 

The problem, which we already alluded to at the end of Subsection ll.3[ is that the 
boundary values (for instance u{—2i) ^ —1, u{2£) ^ 1) may make it likely to 
find a layer. Hence, we will employ reflection operators to transform 6^ transition 
layers into events that are unlikely regardless of the boundary conditions. We will 
call such events wasted 6^ excursions: 
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Definition 2.4 (Wasted 6^ excursion). For any 6 G (0, 1/2), we will say that u has 
a wasted 5^ excursion on {—I, i) if there exist points 

—i<x-<xo<x-^-<£ 

such that 

\uixo)\ < S 

and 

either \u{x±) — l\ < 6 or \uix±) + 1\ < 6. 

As described above for long transitions, we will estimate the probability of such 
events using the large deviation estimate from Proposition 13.41 We note that the 
proposition requires minimizing energy over a ball (in the space of continuous 
functions) around the set of interest. Because of the way we have defined wasted 
excursions, a ball of radius 6 around the set of functions with a 6~ excursion in 
a given interval is equal to the set of functions with a {26)~ excursion in that 
interval. Hence, our large deviation estimate together with an energetic estimate 
will bound the probability that we are after. The following lemma contains the 
necessary energetic estimate: namely, that the difference of energies described in 
our large deviation estimate is bounded below by cq plus a small term. 

Lemma 2.5. There exists a constant C < oo such that for every M < oo and 
6 G (0, 1/2), there exists a constant < c« with the following property. For any 
(.> and any boundary conditions u± G [— Af , M], set 

^bc ._ 1^ g C{[-2l,2l\): u{±2(.) = 

^q'^ := {n G ^^'^ : uhas a wasted 5^ excursion in {—i, i)}. 

Define the optimal cost 




(2.5) 



Then we have 

Ci-co>-C6. (2.6) 

The proof of Lemma [231 is given in Subsection 16. II It gives us the exponential 
factor in the desired estimate (I2.3I ). above. 

For the lower bound in Theorem II .51 we will work with so-called 6^ transition 
layers between —1 — 6 and 1 + 6. 

Definition 2.6 (6^ transition layer). Fix 6 G (0, 1/2). We say that u has a 6^ up 
transition layer within the interval {—i, i) if there exist points 

-£ < x^ < x^ < £ 

such that 

u{x±) = ±{l + 6). 

We say that u has a 6^ down transition layer on { —i, i) if the same condition holds 
true with signs reversed, and that u has a 6^ transition layer if it has a 6'^ up or a 
6'^ down transition layer 
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In analogy with the 6^ transition layers that we use for the upper bound, 5^ tran- 
sition layers will be convenient for the lower bound. Since the probability of having 
(2n + 1) transition layers is greater than the probability of having (2n + 1) 5^ tran- 
sition layers, it will suffice to show that 



We will establish this bound by reflecting in order to transform the transition 
layers into some kind of "wasted excursions" whose probability we can bound, 
independently of the boundary conditions. 

Definition 2.7 (Wasted 5+ excursion). For any 6 G (0, 1/2), we will say that u has 
a wasted 5^ excursion on {—(., t) if there exist points 



(We will use only the wasted 5+ excursions that come from below, but of course 
it would be straightforward to define the analogue with u{x±) > 1 + 5, and they 
would obey the same energetic and probabilistic bounds.) 

As in the case of the upper bound, we need an energetic lemma that will control 
the contribution to the large deviation estimate for wasted (5+ excursions. Because 
of the form of the large deviation estimate that we will develop in Section [3] (see 
Proposition l3.5l below). it will be convenient for us to introduce the energy bound 
on the following set of functions: 



It is easy to see that a 5 ball (with respect to the sup norm) around pj,g is equal 
to the set of functions with wasted 5+ excursions on (— €}. This fact is what will 
later be useful for the lower bound. For now, we record the following energetic 
fact, which plays the role for the lower bound that Lemma l23] plaved for the upper 
bound. 

Lemma 2.8. There exists a constant C < oo such that for every M < oo and 
6 G (0, 1/2), there exists a constant £^ < oo with the following property. For any 

e>£^ and u± £ [-M, 0], set 




i < < Xq < X-^- < i 



such that 



u{x±) < —1 — S, u{xq) = 0. 




be 



{u € Ci[-2e,2i]): u{±2£) = u±} 



and A, 



be 



as above in (I2.7I ). 



Define the optimal cost 




Then we have 



C£ — Co < C 5. 
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We will need to consider some additional properties of the energy as we prove 
the main theorems, but we defer their discussion to a later time when their moti- 
vation and hypotheses will be clearer. With the central facts about the energy in 
hand, we now turn to the probabilistic background for our paper. 



3. Probabilistic preliminaries 

In this section, we collect some probabilistic facts about the Gaussian measures 
,u+ measures u^~, ^ . After stating a precise definition and some 

elementary symmetry properties, we will discuss Markov properties satisfied by 
these measures in Subsection |37T] and large deviation bounds in Subsection [ 



For every x_ < x+, we denote by W^'? ^ the distribution of a Brown- 
ian bridge with homogeneous boundary conditions on , x+] whose variance is 
proportional to e. To be more precise, W^'? n is the unique centered Gauss- 
ian measure on the space of continuous functions C([x_,x+]) such that, for all 

2^1, 2^2 G [a;_, x+J, one has 

^£5+) (^(^1)^(^2) 

(^{xi - - X2) A (x2 - - xij^ . (3.1) 



Equivalently, one can say that W^'? n is the centered Gaussian measure 

whose Cameron-Martin space is given by the Sobolev space Hq{[x-.,x^]) with 
vanishing boundary conditions equipped with the homogeneous scalar product 



1 



dxudxV dx. 



Indeed, the right-hand side of (13.11 ) is the Green's function for with Dirichlet 
boundary conditions. 

In the sequel, we often use the notation 

Ix.,x+{u) '■= 2 J (^^'") ''^■■^^ 

to denote the Gaussian part of the energy of a function u on the interval {x^,X-^-). 
It is common to think of W^'? n as a Gibbs measure 

£,{X-,X+) 

^e',{x-,x+) « exp ( - ^Ix_,x+{u)yu (3.3) 

with energy Ix_,x+ and noise strength oc e. Of course, (I3.3l l does not make rigorous 
sense because there is no "flat measure" du on path space, and Ix_,x+ {u) is almost 
surely infinite under w"'? n . The heuristic formula (I3.3l l is motivated by finite 
dimensional approximations and it gives the right intuition for the large deviation 
bounds. 

For more general boundary conditions it_,it_|_ G M, we can define VV"^^""*"^^^ 
as the image measure of W^f ^ under the shift map 

U{x) ^ U{x) + f\xl'!x+)(^)' 
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where h is the affine function interpolating the boundary conditions: 

^(x L)(^) •= 

Similarly to (11.51 ). for any choice of boundary condition u± and on any interval 

U— 

e,(x_,x+) 



{x-,x^), we denote by fjL^ x the probability measure whose density with 



respect to , can be expressed as 



7 



Here we have introduced the notation 



{u) = u},u+ — exp ( - - / V{u) dx\ . (3.5) 



Z"7'"+ , :=E 

for the normalization constant that ensures that Aig^^"^^,^) is indeed a probability 
measure. 

As we have indicated in the introduction, there are symmetry properties of the 
measures VV"^^"^^^^ and that will play an important role in our argu- 

ment. Observe for example that both W*^'? > and yU*^'? , , are invariant under 
the vertical reflection u i— )• Ru and the horizontal reflection u i— )• Su where 

Ru{x) := —u{x) and Su{x) := n(x++x^— x). 

Furthermore, the measures W M n and /i n are invariant under the point 

reflection u i— ^ RSu. 

3. 1. Markov properties. We first present a two-sided version of the Markov prop- 
erty for the measures >V"7'"+ , and u^T'"^. ^> which states that for any fixed 
points x_ < x_ < < x-i- and for u distributed according to to VV^^^^^^^-j (or 
it+ conditional distribution of (u(x),x G given all the infor- 

£,{^X— ,X^ ) 

mation about u{x) for x G x+] \ is >V"(£"^^"j^+^ (or /J'^^^^^J'^^s^^-')- 

Then in Lemma [331 we give the strong Markov property, which states that the 
same statement holds true when the deterministic points x± are replaced by left 
and right stopping points x±- The proofs of these statements are quite standard. 
For completeness, we have included them in Subsection 16.21 

In the case of the measures W^T , the Markov property can be stated in 

the following way. For x- < we define the piecewise linearization u^'^ of u 
between x_ and x+ as 



[u{x) else. 
Recall the definition (13.41) of fif~'^^ Then the following holds. 

yX— ,x^) 

Lemma 3.1. Suppose x- < x- < x^ < are flxed, non-random points. Then 
under W^T'^^^ , the random functions u — u^^ and u%'^ are independent. Fur- 

thermore, u — u^'^ is zero outside of and is distributed according to 

W^'?- ~ N between the two points. 
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Due to the lack of spatial homogeneity, the corresponding property for the mea- 
sures yu"7'"+ s has to be stated in a different way. For I C we denote 
by Fi the sigma-algebra generated by u{x) for x £ I, completed with respect to 

We also introduce the following notation that extends the measures to paths 
on a larger domain by prescribing the values outside of an interval. Suppose that 
[x_,x+] C [a;_, x+] and that u € C([a;_, is a fixed path. We say that u is dis- 
tributed according to W". - - , resp. u" . - . \ , if it almost surely coincides with 

u outside of the interval [2;_,i;+] and is distributed according to W"/^~^l"^f """^ 

£■, yX— ,X^ ) 

u(£_),u(a;+) r ^ i 

resp- ' on [x-,x+]. 

Then the Markov property takes the following form. 

Lemma 3.2. Suppose x_ < x_ < x+ < x+ are fixed, non-random points. Then 
for any bounded measurable test function <I>: C([x_,x+]) — )■ M, we get the fol- 
lowing identity: 

K"" V = Efll",^) (<5) . (3.7) 

Here F[x_^x-] V F[x+,x+] denotes the smallest sigma-algebra that contains all 
sets in and 

We will typically use (13.71 ) in the following way: For given points x_ < xi < 

X2 < . . . < X2n < 3;+ and given events Ai G ^[x2i-\,x2i\^ write 

K"H^M...U^ (3.8) 

1, 



Here ^'xi,...,a;2„ denotes the distribution of the random vector (u(xi), . . . ,u{x2n)) 
under u~/ Formula (13.81 ) follows directly by applying (I3.71 i n times. 

To state the strong Markov property, we additionally need the notion of left and 
right stopping points. These are defined analogously to stopping times for Markov 
processes. A random variable x- taking values in [x_,x+] will be called a left 
stopping point if for all x G [x_, x+] the event {x- < x} is contained in F\^x_^x\- 
In the same way a random variable x+ is called a right stopping point if for all x 
the event {x+ > x} is contained in In all of our applications the stopping 

points x± are going to be left or rightmost hitting points of a closed set. It is easy to 
check that these random points are indeed left and right stopping points as defined 
above. 

For given left and right stopping points x±, we define the sigma-algebra -7^[x+,x_] 
of events that occur left of x- and the sigma-algebra J-'[^_^_^x+] of events that happen 
to the right of x+ by 

^lx-,x-] := {-4 e J^[x_,x+] : Vx ^ n {x- < x} e J^[x_,x]}, 
^[x+,x+] ■= {-^ G ^lx-,x+] : Vx An{x+> x} e J='[x,x+]}- 
The strong Markov property can be stated in an analogous way to (13.71 ). 



Lemma 3.3. Suppose X- <^nd x+ l^ft ond right stopping points with x- < X+ 
almost surely. Suppose that <I>: (7([x_,x+]) — )• M is measurable and bounded. 
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Then for any u± € M, we get the following identities 

The strong Markov property is a crucial ingredient in the proofs of both Theorem 
ll.5l and Theorem 11.91 Let us illustiate how it is used in the proof of Theorem 11.51 
Let X- be the leftmost hitting of zero to the right of a given point x_ and x+ the 
rightmost hitting of zero to the left of a given point xj^. The values u{x±) in the 
formulas (13.91 ) and (13.101 ) are almost surely 0. Then we can use the invariance of 
W'^V^ N and /i*^'? ^ under vertical reflection R to conclude that the whole 
right-hand side of (13.91 ) and (13.101 ) is invariant under vertical reflection on [x-, x+]- 
In Section m we will use this observation to reduce the problem of calculating the 
probability of transition layers to computing the probability of wasted excursions 
(see Definition [ 



3.2. Large deviations. Large deviation estimates for the measures u" / s con- 
stitute an important ingredient for our argument. Large deviation bounds for Gauss- 
ian measures with a small variance, e.g., for VV"7'"^ x, are well-known (see e.g. 



|Bog98 Sec. 4.9]). They can be extended to the measures u / with an 
"exponential tilting" argument (see e.g. [Var84l, or HdHOOl p.34] ) in a standard 
way. Let A^'^ represent the set of continuous paths u on that satisfy 

u{x±) = u±. The estimates then state that for every closed set A Q A^"^ and 
every 7 > 0, there exists eo > such that, for e < eo> we have 

< ( - li^A) - 7)). (3.11) 

Similarly, for every open set A C A^'^ and 7 > there exists Eq > such that, for 
e < eo> we have 

> ( - J(Ai^(^) + 7)). (3.12) 
Here the energy difference AE{A) is defined as 

AE{A) := inf E{u) - inf E{u). (3.13) 

Here and in the sequel, all topological notions like open and closed refer to the 
uniform topology, i.e., the topology generated by 

||'u||oo := sup (3.14) 

Although we will not make use of it here, we remark that the bounds (13.1 II ) and (13.121 ) 
are also true for different choices of topology. The Gaussian large deviation bounds 
hold for any separable Banach space that supports the Gaussian measure, and the 
"exponential tilting" works as soon as the exponential density is continuous. 

A priori, the choice of eo depends not only on 7 but also on the interval length 
£ := x+ — x_, the boundary data u±, and even the set A itself. As pointed 
out in Subsection 11.31 however, our argument requires integrating probabilities for 
different boundary conditions. Therefore, we need to know that we can choose 
the same eq for these different boundary conditions simultaneously. Moreover, in 
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Lemma |57T] we will need uniform estimates for measures with different potentials. 
Hence, we require uniform large deviation estimates, which is the content of the 
following two propositions. They deliver local uniformity with respect to i, u±,A, 
and even with respect to the potential function V. To state the result, it is convenient 
to introduce the notation 

for the minimal Gaussian energy with the given boundary conditions. We will also 
write 

B{A, 6) = {u: 3v £ A, \\v - u\\oo < S} 
for the 6 neighborhood of a set A. 

Proposition 3.4 (Large deviation upper bound). Fix constants 1 < M, R < oo 
and <£-<£+< oo. For any x± E M with a;+ — x_ € [^_,^+] and any 
u± G [—M, M], let Abe a measurable subset ofC{[x^, x+]) consisting of paths 
u that satisfy the boundary conditions u{x±) = u±. Additionally, assume that 

\ni E(u) - nt < R. (3.16) 
Then for any 5, 7 > there exists an eQ> Q such that for all e < Eqwc have 

< ( --^{^E{BiA,5)) - 7)), (3.17) 

where AE is defined in (13.131 ). This depends on M, R, l±, 6, and 7 but not on 
the particular choice of x±,u±. It only depends on the set A through the choice 
of R in condition (13.161 ). Furthermore, £q depends on V only through the local 
Lipschitz norm 

sup \V'{v)\. 

\v\<M+y/2-'^{e+R+l)+l 

In particular, the same bounds hold for the same eq if V varies over a set of 
potentials with uniformly bounded local C^-norm. This uniformity of (13.171 ) with 
respect to V will be used in Subsection 16.61 There, it will be applied to the family 
{A^V{2-''{u-l) + 1): A; e N} of rescaled versions of V. 

We also get the corresponding lower bounds without a condition on the minimal 
energy of E{u) for u £ A. 

Proposition 3.5 (Large deviation lower bound). Fix constants M and < < 
^+ < 00. Suppose that i = x+ — £ and nj- G [—M, M]. Assume that 

there exists an energy minimizer 

u^: = argmin E{u) 

satisfying € [~^-, Then, for any 7 > and (5 > small enough, there 
exists £0 > such that for all e < £q there holds 

l^::(Z\){B{A5)) > exp ( - \[AE{A) +7)), (3.18) 

where AE is defined in (13.131 ). As above, £q depends on M, l± , 6, and 7, but not 
on the particular choice ofx±, u± or the set A. 



The same remark about the uniform dependence on V holds for the lower bounds. 
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Remark 3.6. The existence of energy minimizers in ^ satisfying E [—M,M] 
is not necessary and it can be replaced by an approximation. Actually, we will 
show the Proposition under the slightly weaker assumption that for every 7 > 
there exists a profile Uy ^ A with uuy{x) G [—M, M] for all x G [x_, x+] and 
such that 

E{uy) < inf E{u) + j. (3.19) 

The proofs of these Propositions are essentially a careful copy of the classical 
proofs and can be found in Subsection 16. 3 1 Let us remark here that we do not expect 
the bounds (13.1 II ) and (13.121 ) to hold uniformly for all open or closed sets. In fact, 
the argument for the classical statements makes use of qualitative properties such as 
existence of coverings by finitely many open sets. One sums over this finite number 
and uses the fact that, for e small enough, only the largest summand matters. For 
different open or closed sets, this finite number will in general be different, and 
the choice of eq would also be different . We can resolve this issue by taking the 
5 neighborhood of A in the bounds (13.171) and (13.181 ) as a uniform version of the 
topological assumptions on A. 



4. Proofs of Theorem [O} Domination by single transition layer 

OF minimal energy 

In this section we prove Theorem 1 1.5 1 This theorem estimates the exponentially 
small probability of having more than one layer (with the correct entropic effect 
and exponential factor). Hence, the most likely functions are those with only one 
transition layer. 

As outlined in Subsection II. 3[ at the heait of the method is the idea of de- 
composing the invariant measure into conditional measures and the corresponding 
marginals, so that we can reduce to estimating the probability of transition layers 
on order-one subintervals. When the boundary data of the subinterval falls within a 
compact set [— M, M], large deviation theory will allow us to estimate probabilities 
in the spirit of 

/M I'M 
1 u{du^,du^) /^"7l"2£ 21) (there is a transition layer in {—£, ^)) . 
-M J-M ^'^ ' ' 

On the other hand, the probability that |ii(±2^)| > M is uniformly small. Before 
turning to the proofs of the main theorems, we introduce this fact about the decay 
of the one-point distribution. 

Lemma 4.1. There exist Mi < co, C2 < co (depending only onV) such that the 
following holds. For any M > Mi, there exists Eq > such that for all £ < £q and 
any xq in {—L^,L^) there holds 



-1,1 



u{xo)\ > m) < exp (-^) • (4-1) 



The proof of the lemma is given in Subsection 16.41 With this preliminary esti- 
mate in hand, we turn now to the proof of Theorem 11.51 We consider separately 
the upper and lower bounds. 
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Proof of Theorem [731 Fix 7 > 0. Fix a corresponding 5 > sufficiently small. 
Let I and M be large constants to be specified later. To begin with, let i be large 
enough so that (12.41) and (12.61) hold for the given 5. We will divide the system into 



2Nir intervals with 



labelling the endpoints: 



Ne 



Le 



(4.2) 




.,.:.^7:- : (43) 

We will work with this grid for the rest of this paper. 
Then we consider the (overlapping) intervals 

h:=[xk-i,Xk+il for k = -{Ne-l),-{Ne-2),...,{Ne-l). (4.4) 

Notice that x±n^ is separated from a;±(Ar^_i) by up to length 21, while the rest 
of the points are separated by length i. Since our energetic estimates will all hold 
uniformly for subsystems that are sufficiently large, and our large deviation bounds 
will all hold uniformly for subsystems whose length vary within a compact set, it 
will not matter that the boundary points may be up to 21 away from the neighboring 
points and we will ignore this issue for the rest of the proof. 

Upper bound. 

Here we will prove the upper bound, i.e., that 

f''^l-L L ~'~ ^) transition layers ) 



< (^e)^" exp 

As explained in Section |2j for the upper bound we will work with 6^ transition 
layers, and it will be sufficient to show that for any sufficiently small 7 > and 
some sufficiently small 6 > 0, there is an eq > such that for all e < eq we have 

f^^l'-L L ) ( ^ (^'^ ^) ^~ transition layers ) 

< {Lsr exp f-'-!^) . (4.5) 



Since the probability of transition layers is less than the probability of 5~ transition 
layers, the proof of the upper bound follows immediately. 

The subtle part of the proof will be estimating the probability of a transition 
layer on a subsystem. Recall from Subsection 11.31 that we cannot get the expected 
cost Co by estimating the probability 

//"^l^g^ 2^) ( ^ has a 5~ transition layer in (— £)) 

because of the nontrivial dependence of this probability on the boundary conditions 
u±. To avoid this problem, we will use reflection operators to transform 5^ tran- 
sition layers into wasted 5~ excursions (see Definition 12.41 and the accompanying 
discussion). 

With this scheme in mind, let us now begin our estimates. 
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Step 1. Fix 7 > 0. Let 5 > be a small constant and M < oo be a large 
constant to be chosen below. Our first step will be to decompose the set of functions 
in which we are interested. Namely, we notice that the set of continuous paths u : 
[— Lg, Le] — )• M satisfying the boundary conditions u{±Ls) = ±1 and exhibiting 
at least (2n + 1) 6^ transition layers is contained in the union of the following three 
sets: 

• The set of paths that exhibit an atypically large value at one of the x^: 

Ai:=[u: 3k£{- {N, - 1), . . . , (AT, - 1)} : \u{xk)\ > M }. (4.6) 

• The complementary set intersected with the set of paths that are bounded away 
from ±1 on all of x^+i] for some k: 

A2 ■■= CAi n {n: 3k £ {-{N, - 1), . . . , (AT, - 2)} : (4.7) 

uG[—1 + 6,1 — 6] on all of [xfc, 

• The complement of Ai intersected with the set of paths performing (2n + 
1) 6^ transitions, each of which is completely contained in (at least) one of the 
overlapping intervals I^. We denote this set 

^3 := C^i n |n: there exist 2n integers 

- Ns + l<ki <k2<-- - <k2n< Ns-l such that 

in each interval 1^. there is a 5^ layer > . 



Note that there might be more than one layer in a single interval; the 2n-tuple 
{ki, . . . , k2n) allows for a possible higher multiplicity. There may also be more 
than 2n layers; the statement is that there are at least 2n layers. 

Above, we have made use of the boundary conditions. Indeed, for ^1, we have 
omitted the points x±n^ since u{±Ls) = ±1. For A2 we have omitted the boxes 
at the boundary since the boundary conditions make it impossible that u{x) G 
[— 1 + 5, 1 — 5] for all X in the box. For ^3 we have recalled that the boundary 
conditions force there to be at least one transition. Even though u has 2n + 1 layers, 
we can expect an additional cost only for the 2n "extra" layers and hence only keep 
track of 2n layers. 

Because the set of interest is contained within the above-mentioned sets, it suf- 
fices to bound 

^.":;i,L.) (-^i) + M2) + (-^3) . (4.8) 

Step 2. We first give a bound on the probability of Ai. This bound follows 
directly from Lemma HT] In fact, we get 

fc=-(Af,-l) 
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In particular, we can choose M large enough so that M/C2 > 2nco and 

Hence, the probabihty of ^1 is of higher order with respect to the right-hand side 
of (1431). 

We remark that it is here where M (and therefore also eq) acquires a dependence 
on n. 

Step 3. To bound the second probability in (I4.8I ). we write 



- X] ^^(-L„L,) ^ [-1 + (5, 1 - 5] on all of [xk,Xk+i] 

k=-{Ne-l) 

and u{xk^i),u{xk+2) G [-M, M]) . (4.10) 



Using the Markov property (13. St . we can write for any fc 

-1,1 



f^e,(-L,,L,) ^ + 5] on all of [x^, x^+i] 

mdu{xk-i),u{xk+2) G [-M, M] 
/ '^k~i,k+2{du-,du+) 

-M J-M 

^ '""iii.xfc+a) ^ [-1 + 5, 1 -(^] onallof [xfc,Xfc+i]), (4.11) 

where i'k-i,k+2 denotes the marginal distribution of the pair {u{xi._i),u{xk+2))- 
We now want to invoke the large deviation bound (13.171 ) and the energy bound 
from Lemma 12.31 for the measures u^~, '"^ x . To this end, we observe that 
a. 6/2 ball around functions contained in [— 1 + (5, 1 — (^] consists of functions 
contained in [—1 + 6/2, 1 — 6/2]. Redefining Ci by up to a factor of 8 to account 
for the parameter 6/2 and interval length (here £ rather than 21), we have that, for 
any 7 > and 6 > 0, there exists an eg > such that, for all e < Eq and all 
u-,u+ £ [-M, M], there holds 

'^t{xl-i,Xk+2) (""(^^ e [-1 + 6,1 -6] on all of [xk,Xk+i] 

( l(26'^i \\ 
<exp -- -^-7 . (4.12) 



e V C7i 

(Here we have used the fact that » 1, so that we can choose ^ > to satisfy 
Lemma 1231 ) Letting 7 = 1 and choosing I so that 6"^ I > Ci, the combination 
of (I4l0b . (l4Tn) . and (rfjib gives 

/'^l-L.M (-^2) < exp ( - ^) , (4.13) 

where we have trivially bounded the integral of 1/ by 1. In particular, for i large 
but order-one (and depending on n, 6), we have that the probability of A2 is also 
of higher order with respect to the right-hand side of (14. 5) . 
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Step 4. Finally, we arrive at the subtler part, in which we will need the reflection 
operators. To begin with, let A; = (A;i, . . . , k2n) and write 

f^^M) (-^3) < E {Al) , (4.14) 

where X is the set of nondecreasing 2n-tuples, i.e., 

I := {fc=(fci,A:2,...,fc2n)G {-(iV.-l),...,(iVe-l)}'" 
with/cj-i < /ci|, 

and 

in each /^^ there is a 5 layer |. (4.15) 

The right-hand side of (14.151 ) is slightly ambiguous if several indices coincide or in 
the case of overlapping intervals, i.e. if fcj+i = ki + 1 for some i. If j subsequent 
indices coincide, the right-hand side of (14.151 1 has to be interpreted as saying that 
there are at least j 6~ transitions in the corresponding interval. In the case of 
overlapping intervals, for instance if ki^i = ki + 1, the right-hand side of (14.151 ) 
should be interpreted to mean that there are at least two transitions in the interval 
[{ki — 1)£, {ki + 2)£] and, moreover, one is fully contained in [{ki — 1)£, {ki + 1)^] 
and one is fully contained in [ki£, {ki + 2)£]. 
The index set satisfies 

< iVf < (i^e)'". (4.16) 

(Recall our convention for the use of the symbol < introduced in Notation 11.41 ) 
Hence, to complete the proof of (14.51 ). it suffices to show that for fixed A; G X, we 
have 

^=:;i.,..,(4)<»p(-^). (4.17) 

As explained above, the main step is to reduce the problem of estimating the 
probability of 6^ layers to estimating the probability of wasted 6~ excursions. 
This will be achieved through suitable reflections. 

Let us at first assume that the Ik are well-separated in the sense that 

h > ki-i + 4 for all i. 
Let us also assume that we are away from the boundary, i.e., that 

h > -Ne + 2, k2n <Ne-2. 

We will consider the possibilities of (a) intervals that overlap or are nearby, (b) 
intervals that are the same {ki = /ci+i), and (c) boundary intervals at the end of 
Step 5. 

We start by defining n left stopping points xi, • • • , Xn in the following manner. 
For i = 1, . . . , n we set 

Xi := inf {y > Xfc^_i : u{y) = and [u{x)[ = 1-5 

for some X E {xk2^_-^^i,y)} . (4.18) 
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Here we set Xi = if the corresponding set is empty. It is easy to see that these 
random points are all left stopping points. In a similar fashion, for i = n+1, . . . , 2n 
we set 

Xi := sup {y < Xk,+i : u{y) = and \u{x)\ = 1-5 

for some X G {y,Xki+i)}- (4.19) 

Here we set Xi = —Lg if the corresponding set is empty. Then Xi is a right stopping 
point for all i = n + 1, . . . 2n. For any u in ^3, all the left and right stopping points 
Xi are contained in the corresponding intervals I^. and, furthermore, we have 

Xl < X2 < ■ ■ ■ < Xn < Xn+l < ... < X2n. (4.20) 

Finally, note that as soon as Xi 7^ i-^e> we have that u{xi) = 0. 

For any left stopping point xi G {xi^ • • • Xn\ and any right stopping point Xr £ 
{Xn+i: ■ ■ ■ , X2n}, wc now define the reflection operator R^\. If xi < Xr (which is 
the case for any u G ^3 as remarked above), we set 

^x.^(3.) - /-^(^) forxG [xi,Xr], 

^' ' \u{x) for X ^ [xi,Xr]- 

If Xl ^ Xr we set RxiU := u. We clearly have iJ^J^iJ^J^ = Id; hence, R^'^ is 
injective and onto. In order to show that preserves ^J^l^ l )' observe 
that for any measurable and bounded test function ^: C{[—L^,Ls]) — )• M, we 
have 



+E(-L.!t)(l{x.>X.}^) 

iE--X)(i|,Kx4iEfrx,.)(^°«^:) 

+IEp'^;!t)(l{x.>x,.}^)- 
Now we can use the fact that on the set {xi < Xr} we have almost surely that 
u{xi) = '"(Xr) = and the invariance of the measure ^ ^ under the reflection 
: n I— )• —u. Note that the latter property reUes on the symmetry of the double- 
well potential V. We get 



KCi) ( i{xKx.} K:lr) ° ^^:) ) + JEpCi) (i{x.>x.} ^) 



^ (4.21) 
Now we are finally ready to define the reflection operator as the composition 

R := i?X2n o . . . o ^Xn + 2 q ^Xn + 1 _ (4 22) 

Xl Xn— 1 Xn ^ ^ 

We have again that = Id. For any profile u € .43, the operator R acts in the 
following way: In intervals of the form (xiiXi+i) for ^ odd, u is replaced by —u, 
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Figure 4.1. A typical path in ^3. The reflection operator R turns 
the up and down transitions in the intervals 1^^ into wasted excur- 
sions in the same intervals. 



and on the rest of the system, u is left invariant. The action of the operator R on a 
typical path in ^3 is illustrated in Figure 14.11 
Finally, define the reflection of a set A as 

R^ = {v : V = Ru for some u G A}. 

As a composition of measure-preserving transformations, the operator R preserves 
f^^l-L L ) Hence, we have in particular that 



(4) = f^;'{X,L.) (M) ■ (4-23) 



This is useful because for u € the profile Ru has a wasted S excursion on each 
interval 7^. (as is easy to check). In other words, we note that RA^ is a (proper) 
subset of the functions with wasted 5~ excursions in the given intervals. 

Step 5. It remains to bound the probability of the sets R^3. Again, let us at first 
assume that the Ik are well-separated and away from the boundary in the sense 
described above. We consider the more general case at the end of this step. 

Using the Markov property again, we have 

"1,1 



^ /"e (1l l ) ^ ^"^1 each 1^.^ there is a wasted 6 excursion) 

/M I'M 
• • • / Z^fci-2,A:i+2,fc2-2,...,fc2„+2 {duk^^2, dUkj+2, dUk2-2, • • • , dUk2„+2) 
-M J-M 

2n 

n^-u-ki-2,Uk-+2 / tj^ej-g a \yaste(j ^- excursion in /fc^ ) , (4.24) 

where i'ki-2,ki+2,k2-2,..;k2„+2 denotes the distribution of the 4n-dimensional mar- 
ginal u{xk^-2) ,u{xki+2) ,u{xk2-2) , • • • ,u{xk2„+2) ■ 

Now we would like to apply the large deviation bound (13.171 ) and the energy 
bound from Lemma 12.51 We observe that a 6 ball around paths with a wasted 6~ 
excursion is equal to the set of paths with a wasted (26)^ excursion. As a result, 
we get that for any 7 > and 6 > there exists an eq > such that for all e < Eq 
and for all boundary data contained in [—M,M], the probability of a wasted 6~ 
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excursion is bounded by 

«fci-2,"fci+2 [ thej-g a wasted 6~ excursion in h ] 

< exp - i (co - 2C(5 - 7)) . (4.25) 

Choosing 5 sufficiendy small with respect to 7 and estimating the integral of v by 
1 as usual, we have from the combination of (I4.23I ). (I4.241 i. and (14.251 ) that (14.171 ) 
holds (up to a redefinition of 7). Thus, finally, (14. 141 ). (14. 161 ). and (14.171 ) imply 

-1.1 t A \ <^ fT \2n ( 2nco - 7\ 
^.,(-L„L,) (-^3) < {Le) exp j , 

which concludes the proof of the upper bound in the well-separated case. 

It remains to consider the three special cases: (a) intervals that overlap or are 
nearby, (b) intervals that are the same (/cj = /cj+i), (c) intervals that are boundary 
intervals. 

Case (a) If two or more intervals overlap (i.e., if ki = + 1) or are nearby 
(i.e., if ki-i + 2 < ki < ki^i + 3), then we lump them together into a single, 
larger interval and proceed as in (b), below. The size of the largest possible interval 
formed in this way is (4 + 3(2n — 1))£. Our energy estimates require only that the 
interval length be sufficiently large and our large deviation estimates aie uniform 
as long as the interval length falls within a compact set. (Here we rely on the fact 
that n is order-one with respect to e.) 

Case (b) If a multi-index k has repeated indices so that there is more than one 
6~ transition layer in a single interval, then we will use large deviation estimates 
for the event of having more than one wasted 5~ excursion in a single interval. 

Assume that we have kj = kj+i = ... kj^„i for some j < 2n and some 
1 < m < 2n. Furthermore, assume that the set of m + 1 indices is maximal in the 
sense that either j = 1 or A;j_i < kj — 4 and similarly that either j + m = 2n or 
kj+m+i > In this case, we define the m+1 stopping points Xj-, - ■ ■ Xj+m 

in the following way. 

Consider any index i € {i, • • • , j + m} that satisfies i < n. For i = j, we define 
Xj as in (14.181 ). On the other hand, for i > j, we define 

Xi := inf {y > Xk^^i : u{y) = and there are {i - j) 5~ layers in y)}. 

As usual, we define Xi = if the set above is empty. 

Now consider any index i £ {j, ■ ■ ■ ,j + m} that satisfies i > n. For i = j -\-m, 
we define Xj+m as in ( 14.191 ). On the other hand, for i < j + m, we define 

Xi := sup {y < Xk^+i : u{y) = 

and there are {m — {i — j)) 5~ layers in (y, Xfc^+i)}. 

Again, we take the usual definition Xi = —Le if the set above is empty. 

As above these random points Xi are left stopping points for i < n and right 
stopping points for i > n + 1. Furthermore, we still have that (I4.20t holds for all 
u e Al The measure preserving reflection operator R can be defined as above 
in (14.221 ). and R maps each u G ^3 to a path that has m + 1 wasted 6^ excur- 
sions in Ij... (Specifically, we mean m + 1 wasted 6^ excursions on intervals 
{x^_,x\_) C Ikj for i G { j, . . . , j + m} that are mutually disjoint except for possi- 
bly the endpoints.) 
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We leave it to the reader to verify that a generalization of Lemma l23] is: 

Lemma 4.2. There exists C < oo with the following property. Fix 6 > Q. For any 

system sizes £i , ^2 < oo sufficiently large and boundary conditions u± £ M, set 

^bc 1^ g _ ^ ^2]) . _ ^ u^,u{ei + £2) = U+}, 

A^^ := {u £ A^"^ : uhas m disjoint wasted 5^ excursions in (—£1, ^1)}. 
Define the optimal cost 

Then uniformly with respect to the boundary values Uj-, one has 

C£ — Cq < C 5. 

Case (c) Suppose for instance that there is a transition layer in {x-n^ , a^-Ar^+i)- 
Then we know the boundary value u{x^n^) = u{—Le) = —1, while the boundary 
value u{xn^~2) at the other end of the subinterval is unknown. This is easily 
handled by a suitable "one-sided" generalization of Lemma 1231 which is easy to 
prove. 

Using the facts from above, the proof of the upper bound is completed by de- 
composing ^3 into the various cases and recovering the correct (and identical) 
bounds in each case. 

Lower bound. 

We turn now to the matching lower bound, i.e., that 

^^l~L L ~'~ transition layers ) 

2n „„„ / 2nco + 7' 



> (^e)'" exp 

As explained in Subsection |2j for the lower bound we will work with 6^ tran- 
sition layers (cf. Definition 12.61 ). Because of the boundary conditions and the 
definition of 6^ layers, it will be sufficient to show that, for some 6 G (0, 1/2), we 
have 

/x^^^^^^ ^ ^{u has (2n) transition layers ) 
> (L.)- exp f _^!^) . (4.26) 



Indeed, in analogy with the upper bound, the probability of 6^ layers is bounded 
above by the probability of transition layers, and because of the boundary condi- 
tions there must be an odd number of transitions. 



Step 1. Once again, we will use the gridpoints Xk defined in (14.31 ). Our first step 
is to get some control on the values of u at the gridpoints. The following lemma, 
used below, is established via techniques similar to those used for the upper bound. 
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Lemma 4.3. For any M < oo sufficiently large, there exists l^, < oo and eq > 
such that, for i > £^ and e < Eq, we have for any satisfying (11.101) that 

f^e}-L„L,) ^ • '"(^) ^ O/^'' ^ ^ -2^]) ^ \- (4.27) 

Recall the definition of Ai in (14.61) . 

The proof is similar to the proof of the upper bound, and is deferred to Subsec- 
tion 16.51 The main idea is that while the boundary conditions force there to be a 
transition layer, with high probability, there is only one transition layer. Moreover, 
by symmetry, this layer is as likely to appear on [0, L^] as it is on [— L^, 0] (hence 
neither probability can be more than 1/2). On the other hand, for u to hit zero 
away from the transition layer is energetically unlikely, by arguments similar to 
those used for the upper bound. 

Step 2. With Lemma 14.31 in hand, we turn to the basic set-up for the lower 
bound. In this case, we will not want to use overlapping subintervals. We will 
also not work with the full system, but only with intervals on the left-hand side. 
Specifically, we will work with 

h = [xk-i.Xk+i] for k E {-{N, - 4), -{N, - 8), ... , -4} =: E. 

We have assumed without loss of generality that 4 divides N^. (If not, then Ng, = 
4j + r for some j G N and r G {1, 2, 3}. Replace hy — r throughout.) 

We remark that, as usual, for an event falling in the interval Ik, we will condition 
on the boundary values on a larger interval. Specifically, we will use a Markov de- 
composition in which we condition on the boundary values of the enlarged interval 

h ■= [xk-2,Xk+2]- 

Notice that for all k £ E, the enlarged intervals Ik are nonintersecting. For future 
reference, let us denote the set of boundary indices 

Et := {-(AT, -2), -(TV, -6),..., -2}. 

The rough idea is to consider sets of functions having 2n layers with a layer in 
one of the intervals Ik for 2n distinct values of k £ E. Unfortunately, because 
we work with functions u that have at least 2n + 1 transitions rather than exactly 
2n + 1 transitions, a given function u may have more than 2n + 1 layers and belong 
to more than one of the sets we have just described. Hence we cannot translate the 
probability of the union into the sum of the probabilities. In order to work around 
this, we will work with more restrictive sets. 

Analogous to the set Ai defined in (14.61 ) above, we define the following set. 
Rather than keeping track of all the boundary values, it will be convenient to track 
only the boundary values for the extended intervals described above. That is, we 
consider 

^1 := |n: > M for some A; G E'^ |. 

We now introduce a set that is analogous to the set A^ above (but more restric- 
tive, for the reason we have explained). For ease of notation, we do not introduce 
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a new label. Let k = {ki, . . . , k2n) and consider the set 

■.=ZAi n |in each 1^- with i odd there exists a up layer 
and in each I^. with i even there exists a 5'^ down layer and 
for G \ {A;j, 1 < z < 2n} u does not have a 5^ layer in |. 

Clearly, we have the following inclusion of sets of paths: 

{ u has (2n) (5+ transition layers } 5 |J ^f, (4.28) 

k€I 

where T is the following set of well-separated indices on the negative x-axis: 

X := |fc = {ki,k2, . . .,k2n) G -E^": for alH, ki^i < 
Moreover, the sets ^3 for A; G X are disjoint, so that (14.281 ) implies 

^'e}-L,,L,) ( ^ has (2n) 6+ transition layers ) > ^ l^eX-L,,L,) (-^s) • (4-29) 

kex 

The set on the right-hand side of (14.281 ) is certainly smaller than the set on the 
left-hand side, but the bound will be good enough on the level of scaling since 



m > > {LeY"^. (4.30) 

Step 3. Given (14.291) and (14.301 ). we will be done if we can establish that for any 
7 > and for e > sufficiently small, we have 

To this end, fix any multi-index k £ I. We will now bound the probability of 
using reflections, as we did for the upper bound. Indeed, let 

X2i-i ■■= infjy G 42,-1 : ^iv) = Oi ^{x) = -1 - 5 
for some G 
X2i ■■= supjy G /fc2, : u{y) = 0, u{x) = -I - 5 
for some x G (y, 
Then we define the reflection operator R as 

By the same argument as above in (14.211 ) it can be seen that this operator preserves 
the measure u l'^r r \- Notice that R creates 6^ wasted excursions in the intervals 
/fc. and cannot create layers in any interval 1^ for k £ E \ {ki, I < i < 2n}. We 
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recover 



e,(-L_.,L,)l 

'^-{N,~2)-{N,-6),...-2{du_(^N,-2),du^(^N^_Q), . . . ,du^ 



> 



M J-AI 
2n 

n «fei-2,«fei+2 / ■ wasted 5^ excursion in h 

2=1 

'^£,{Xk-2,Xk+2)\ •' ''y 

fce-E\{A:i,l<j<2n} 
) rO 

••• / i'-(Af£-2),-(Afe-6),...,-2(t^'"-(Ar^-2)) ^^^^-(ArE-6)> ■ • • )'^''^-2) 
M J-Af 

2n 

n Uk.-2,Uk.+2 / . wasted (5+ excursion in A ) 
n <(xL?,:^^2) ( ^^"-^ "° l^y^'- • (4.32) 

keE\{ki,l<i<2n} 

As usual, 1/ denotes the distribution of boundary values, here at the boundary points 
of each extended interval Ik for k £ E. Note that the second equality follows from 
the definition of wasted 6^ excursions. The definition of wasted 6^ excursions is 
different and led to an inequality in the analogous estimate, cf. (14.241) . 

We remark that we do not actually need to condition on the boundary values for 
every k G E — it would be enough to consider the intervals 1^ fork^k and the 
complementary intervals — ^but doing it this way keeps notation simple and because 
of (11.101 ). it does not affect our bound by more than an exponentially small amount. 

We now turn to the lower large deviation bound (13.181 1 and the energy bound 
from Lemma |2^ (where we use that the boundary values are in [— M, 0]). We 
recall that the set A^':^.^^ from (12.71 ) was defined precisely so that 

-B(^5p^g, 6) = {u: u has a wasted excursion in [—i, i]}. 

Therefore, applying the large deviation estimate to (I4.321 i. we conclude that for any 
7 > and 6 > small enough, there exists an eq > such that for any k £ I and 
any e < eo,we have 

f^}^L.,L.) (4) > exp (At) , (4.33) 

where 

aI :=|u: n(xfc) G [-M, 0] for all k <£ E^ and 

u has no layer in Ik for any k £ E \ {ki,l < i < 2n} | . 
At the same time, for any k £ Z we have 

^4 5 {u G C^i : u{x) < for all x G [-L^, -2i]}, 
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where Ai includes all the gridpoints, as defined in (I4.6I ). Hence by the estimate 
(14.271 ) from Lemma 1431 the lower bound (14.331 ) improves to 

MM':'..,.,{4)>ie^p(-^). (4.34, 
which establishes (14.311 ) and completes the proof of the lower bound. 

□ 



5. Proof of Theorem[L9} The uniform distribution of the layer 

location 

As pointed out in Subsection 11.3 [ the proof of Theorem 1 1 .91 relies on the con- 
struction of a measure-preserving operator Ry^z- This operator maps paths that 
exhibit a transition near y to paths that exhibit a transition near z. It is constructed 
by performing a point reflection between hitting points of ±1 near y and z. 

The main difficulty of the proof is to show that these hitting points exist with 
very high probability on the set of paths that perform a transition near y. The 
argument for this is provided in the following two lemmas. 

The first lemma states, roughly speaking, that in the "bulk," fluctuations around 
±1 are of order e^/^. The system needs 0{\ log e\) space to relax to this scale. For 
simplicity, we state the lemma for paths that stay close to 1. By symmetry, the 
analogous statement holds near —1. 

Lemma 5.1, There exists C < oo with the following property. For every < oo 
sufficiently large, there exists > such that the following holds. For every e and 
eo "^iih E <Eq < Eq, there exists i^e G N with 



such that for 

and all u± G [1/2,3/2], we have 




£,(-4,4) 



< 4 exp 




|n(±(2/c - 1)4) - 1| <-,k = l,2,...,K, 



Ceo 



We present the proof in Subsection 16.61 Next we need a lemma that says that 
with positive probability, the path actually hits ±1. Again, we state the result for 
hitting points of +1. By symmetry, the analogous statement holds for hitting points 
of-1. 



Lemma 5.2. For any £q < oo sufficiently large, there exist eo > and A G (0, 1) 
such that the following holds. For any u± G [1/2, 3/2], any e < Eq, and K^, £^ as 
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in Lemma \5A\ we get 

/""^l"^^ ) G [— 4,4] such that u{x) = 1 

|u(±(2A:-l)4)-l| < ]^,k = l,2,...,Ke) > 1 - A. 

The proof of this lemma, also presented in Subsection 16.61 follows as a corollary 
to the previous result by a rescahng argument. 

Proof of Theorem We will show that for some 5 G (0, 1/2) and any a > 0, we 
have for e sufficiently small that 

1 — a < fJ-^^(^'_}i I ) (at least one 5~ up layer of length < 2i 

in[y-4,y + 4]) < 1 + a. (5.1) 

At the end of the proof, it will not be hard to improve from a 6^ up layer of length 
less than or equal to 2£ to a full up transition layer. 

Notation 5.3. For brevity, we will often say "a transition layer < 21 " as shorthand 
for "a transition layer of length less than or equal to 21." 

For e small enough we consider intervals of type Jj, £ = [y — ds,y + di.] C 
[Lg , Le] . The main step of our argument consists of proving that the probabili- 
ties of transitions in these intervals Jy^^ for different values of y are roughly the 
same. Hence fix two points y, z such that Jy e, Jz.e ^ [—Lg, L^]. Without loss of 
generality, assume that y < z. 

As above in the proof of Theorem 11.51 let £ and M be a large constants to 
be fixed later, and let and x±k be as defined in (14.21) and (14.31 ). Moreover, 
consider the overlapping intervals Ik = [xk-i,Xk+i] as in (14.4b . Finally, define 
as in (14.61 ) the "bad set" of functions that have boundary values larger than M 
in magnitude. In (14.91) above, we have already established that there is a universal 
constant C2 < oo such that 

f'e}:'L.,L^) W ^ exp - ^) . 

Hence, for the system sizes Lg that we consider, the probability of ^1 can be made 
arbitrarily small by choosing M large. 
We now define the set of functions 

:=|n € C^i : u has a up layer < 2£ in J^^e | . (5.2) 

The set J^^e is defined analogously. In Steps 1-3 below, we will establish that the 
probabilities of the Jy^^ and Jz^e are roughly the same. The bounds that we obtain 
will be uniform with respect to y and z. Finally, in Step 4 we will show how this 
implies (15. lb . and in Step 5 we will improve to the statement of Theorem 1 1.91 

Step 1. The first step consists of proving that on the set i7y,e, with high probabil- 
ity, the profile u is close to —1 on a sufficiently large interval Jy _ just to the left 
of Jj; e and close to +1 on a sufficiently large interval J| ^ just to the right of e. 

The length of each of these auxiliary intervals and Jz^j^ will be chosen 
below such that 

I loge| <.hs <. de. 
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1^ T 



he 2de 



Figure 5.1. The interval Jy^e and the auxiliary interval Jy _ to its left. 



We first fix the "inner" boundary points of Jy _ and J| _|_: In units of I, we set 

ky^_^ :=max{A;: Xk < y - de} - 2, 
/c^ _ := mill |A; : Xfc > z + d^} + 2. 

Let be as in the statement of Lemma [5TT] The idea is to make the probability of 
hitting ±1 on the auxiliary intervals large by concatenating many subintervals of 
length Kgi and applying Lemma [5^ on each subinterval. With this end in mind, 
we fix integers such that 

Ke > 1 and he := l{2Ke + l)Ke < 4- (5.3) 

Then we set 

kl_ := k^^ - {2Ke + l)Ke and kl^ := kl_ + (2ir, + 1)K„ 
and finally 

Jy _ := [ky_£,ky^_^i] and J^^^ := [kl_£,kl^_^_£]. 

(See Figure l5TT] for an illustration of ^ and Jy __.) 
We also define the following sets of indices 

1- , — k , ky ^ k -\- } ? I . — /l . k-, -f- * 

For later use in (16. Sit in the proof of Lemma 15.51 we will make the additional 
growth assumption 

= {2Ke + l)Ke + 1 < exp(ci/4e), (5.4) 

where ci > is defined in (16.861 ). below. This is not a strong condition; we will 
typically think of as being much smaller. 

Finally, we define another set of "unlikely" paths, paths that have extra 5^ layers 
to the left of ^ or to the right of 

Ay^ := {u G J'y^s : there exists x < {ky^j^ + 1) ^ with u{x) > 1 — 6}, 

:= |u £ Jy^^ : there exists x > {kl_ - 1) i with u{x) < -1 + 5}, 
Ay,3-=A-3UA+3. (5.5) 

We now introduce two lemmas. The proofs of both lemmas are given in Subsec- 
tion 16.61 The first lemma is an extension of the upper bound in Theorem 11.51 and 
states roughly speaking that conditioned on having a transition in a given interval, 
the probability of extra layers somewhere else is small. 
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Lemma 5.4. Let Y be a subinterval of [— L^, L^] and let x_ = k-i and a;+ = 
k+l be two gridpoints (cf. (14.31) ) to the left and to the right ofY respectively with 
distance > ifrom Y. We denote by Jy and Ay^ the sets 

Jy :=|n G C^i : u has a 6~ up layer in y}, 
^y^3 : = I M G Jy and u has another 6~ layer outside o/ , x+J | . 

Fix any 7 > and any M < 00 sufficiently large. For any 6 > sufficiently small 
and i < 00 sufficiently large, there exists eo > such that, for all e < Eq, we have 

We now apply Lemma |54] for Y = J^^y and for x_ = + 1)^ and x+ = 

(/c^ _ — 1)1. Because of the boundary conditions, the absence of layers to the left 
of and the right of x+ implies in particular that n < 1 — (5 to the left of x_ and 
that u> — 1 + (5 to the right of Hence we deduce that 

The second lemma establishes that, on the other hand, when there are no extra 
layers, there is only a small probability of making an excursion from —1 at some 
gridpoint in Jy _ (respectively, an excursion from 1 at some gridpoint in J| _,_). The 
result from the second lemma is exactly the necessary ingredient that we need in 
Step 2 in order to invoke Lemma IS!2l 

Lemma 5.5. Fix any M < 00 sufficiently large. For any 5 > sufficiently small 
and i < 00 sufficiently large, there exists eg > such that for all e < e^we have 

1^7}-L,,L,) ^ ^•^y,3 '■ + M > ^far some k elt) 

^ exp - /^e^(-L„L,) i'^y,e) , (5-8) 

and, similarly, 

lhl-Le,Le) ^ ^ ^^y,e • \'^{xk) - 1| > ^/or some k el^) 

<e^p(^-^y;l'\^,^^{jy,,), (5.9) 

where c\ is defined in (16.861) . below. 

Step 2. The second step of the proof consists of showing that paths in the set 
Jy^e have hitting points of — 1 in _ and hitting points of +1 in J| ^ with large 
probability. This is captured by the following lemma, which is also proved in 
Subsection 16.61 

Lemma 5.6. There exists C < oo with the following property. Fix any 7 > 
and any M < 00 sufficiently large. For any 6 > sufficiently small and i < 00 
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Figure 5.2. The reflection operator ^ performs a point reflec- 
tion of the path between the left and right hitting points x±- In this 
way the 6^ transition in Jy^^ is mapped into J^^. 



sufficiently large, there exists eo > and A > such that, for all e < Eq, we have 

<^^(^)^iL.,L.)fe)' (5-10) 

I^JI'-l l ) ^ "-^V'^ • f^ittif^S of +1 in J| _,_ 

<\E{e)l^'e}:-L.,L.My,e), (5.11) 
where the error term satisfies 

E{e) := C (a^^ + exp - + exp ( - , (5.12) 

a?i(i ci is defined in (16.861) . below. 

Step 3. Now we are ready to define the reflection operator Ry^z- First, we define 
the following left and right stopping points 

X- := inf [x G Jy _ : u{x) = -l}, 
X+ ■■= sup{x G Jf + : 'u(x) = l}. 



Here we use the convention that x- = if there is no hitting point of —1 in Jy _ 
and similarly x+ = if there is no hitting point of 1 in J|+. We use these 
hitting points to define the reflection operator 



Ry,zU{x) 



u{x) for X < X-) 

-u{x-+X+-x) iovx~<x<x+, (5-13) 
u{x) for X > x+i 

if X- < X+- We set Ry ^ to be the identity otherwise. In other words the operator 
Ry z performs a point reflection of the graphs of u between the left and right stop- 
ping points x±- As in Step 4 of the proof of the upper bound in Theorem 11.51 one 
argues that the strong Markov property (I3.10t implies that R^^^ leaves the measure 
jJ^^i^ I ) invariant. The action of the reflection operator is illustrated in Figure 
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Assume that u G Jy^e is a path that admits a hitting point of —1 in Jy_ and a 
hitting point of +1 in J|_,_. Recall that if n G Jy,e^ then u has a 5^ up transition 
layer of length < 21 in g. Under Ry ^ the 5~ up transition layer is mapped from 
Jy^e to near ^ and we would like to conclude that the reflected path is contained 
within Jz,£- 

Unfortunately, the layer does not necessarily fall within £. What is true is that 
there is a 5~ up layer of length less than 21 in the extended interval 

J^^ := [z-de-U- he, z + de + M + he]. (5.14) 

(Recall that he, the length of the auxiliary intervals, was defined above in (I5.3I ).) 

Let us denote by J^^ the set of functions with a 5^ up transition layer of length 
less than 2£ in J?. 



Jy e := {u: u has &6 up layer < 21 in Jy^e}- 
In Step 2, we had established that 

u G Jy,e ■ no hitting of —1 in Jy _ or no hitting of +1 in J| +^ 



-1,1 



Hence, as Rj^ ^ leaves fi^ ^^'^^ ^ ^ invariant, we can conclude that 

An analogous construction to turn transitions in Jz^e into transitions near ^ can 
be performed to obtain the same bound with Jy^e and ^ interchanged. 



Step 4. In this step, we establish the bound (15.11) . For notational convenience 
we will establish the bound in the case of the center interval [—de,de], but our 
argument does not depend on this. More precisely, what we show is that for some 
6 > and any a > 0, there exists an eq > such that, for e < Eq, we have 

i^^l'-L L ^ ^^1 ■ ^^^^^ i^y^J" 



of length < 2i in [-de, 4]) - 1 



< a. (5.16) 



The main ingredient will be the estimate (15.151 ). We will also use make use of 
Lemma 15.41 but except for that, the argument is completely elementary and only 
consists of choosing the right intervals and sets of paths. 

We first split up the system into smaller blocks. Actually, it will useful to 
define two different partitions {Jk,e,k = —Me, . . . , Me — 1} and { g, m = 
—Me, . . . , Me — 1} of [—Le, Le]. The lengths of the intervals ^ will be chosen 
small relative to de but still large relative to | loge|. These intervals will be over- 
lapping and play the role of Jy^e when we apply (15.151 ). The intervals ^ will 
be slightly larger than than the intervals ^ and will be of distance 2i away from 
each other. They will be used as J| ^ when applying (15.151) . 

We fix integers Me and ke such that 

I loge| < M^^Le < de, 
and keM^^Le < 4 < {ke + l)M-^Le. (5.17) 
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Then we set := L^/M^ and define the overlapping intervals 

Jk,e ■■= [kde - 2i, {k + 1)4 + 2i], k = -{Me - 1) , . . . , - 2. 

The boundary intervals are defined as 

J-AU,e -H-Le, -{M, - l)d, + 21] and 

JM,-i,e :=[(M, -1)4-2£,L,]. 

As above in (15.21) . we then define the associated sets of paths as 

Jk,£ '■={u G C^i : u has 5~ up layer of length < 21 in Jk,e]- (5.18) 

In order to define the slightly longer intervals, in analogy to the parameters 
and K from Steps 1-3, we choose parameters and such that 

ke » 1 and he := l{2Ke + 1)K^ < min | J,exp ( ^ ) I . (5.19) 



These parameters then define the error term E{e) (see (15.121 ). above). Then we 
define the integers and such that 

mJ -\-l<M,<M, ^ 



,l + (/i,M,)L"V \l + {heMe)L-\ 

and meM'^Le < 4 < (m^ + l)M^^Le. (5.20) 
As above, we define the intervals 

j;^^^ := [mM-^Le + 2i, (m + l)M~'^Le - 2£], m = -M^, . . . , - 1. 
Each of these intervals ^ is of length 

i^-4e = ^ + hs-M, (5.21) 

and in particular these intervals are long enough to use them as J|g in (15.151 ). 
Actually, when comparing (15.211 ) to (15.141 ). one notices a discrepancy in the length 
of lOi but this can easily be treated by making he a bit larger. 
We define the associated sets of paths 

J^ e ■={u: u has a 6" up layer < 2i in J^^e}, 

■={u G 'Jrn e '• ^ ^~ layer in any ^ for any n ^ m|. 

After these preliminary definitions, we are now ready to proceed to the proof of 
(I5T^ . 

As mentioned above, the intervals J^ e overlapping. In particular, every 5^ 
layer < 21 in [— dg, d^ must be contained in at least one of the J^^e- This implies 
that 

L ) ^ ^-^1 • ^~ l^ysr ^ 2£ in de]) 



< 



fc=-(fce + l) 



In the same way we see that every possible path on [— -L^, L^] must be either 

• in one of the unlikely sets or A2 defined above in (14.61) and (14.71 ) 

• or in at least one of the sets J]^ e- 
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This implies that 



and hence we have 



On the other hand, applying (15.151 ) gives that for any k and m 
Then, applying Lemma [53] with y = we have for every m that 

(1 - ^ ^^el-L„L,){'^Xe)■ 

Finally, the sets Jm*e are all disjoint and in particular, we have 

m=— Me 

which implies that 

We now collect ingredients to deduce the upper bound 



fi^ (l^L L ) ^ '-''^1 • ^ layer < 2£ in [— dg, dg] ) 



fc=-(fce+l) 
< {2ke + 2) max /i^^Jl^^^^^^) {Jk,e) 



'< (1 - (2fc, + 2) mm /^-Jl'^^^^^) ( J^,,) 

? (1 - ii;(e))-^(2A:, + 2) mm /^-fi^,^^) ( J^'* ) 



Me 
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The proof of the lower bound now follows along similar lines: 

-1,1 



/i ^ (n G C^i : u has a. 6 up layer < 2£ in [-de, d^] ) 



+^e,(-L.,L,)Ml) 



m^ — 1 



m=— TTle 

> 2me imn /i^'Jl^^^^^) ( J'™,* ) 



> (1 2m,min/.-;:i^^_^^)(j^,,) 



<H4l Oil m 

> (1 - E{e))\l - ^:}'X,,^)iA^ U ^2))^. (5.29) 

Now, from the assumptions (15.171 ) on A;, and Mg as well as the assumptions (15.201) 
on and Mg, we have that 

1 < < 1 and 1< — ^ < 1. (5.30) 

~ Mp 4 - ~ Me de - 

Moreover, if we choose for instance M > 4C2 cq in the bound ( 14.91) on Ai, we 
recover 

^^A^.":;i.,L.)('^i)«i«4- (5-31) 

Combining (IHSl ). (|5^ . (I4l3] ). (l530l ). and (15311 ) estabhshes (l5TT6l ). as desired. 

Step 5. It remains to remove the restriction on the length of the layer and improve 
from a 6~ up layer to a full up layer. 

The upper bound is immediate, since 



f^s {-L L ) ^ ^"^1 ^'^^ there exists an up layer in [y — de,y + de]) 

- ^^s}-L,,L,) ^ ^-^1 ^'^^ "P ^^y^^ -ds,y + de]) 



< fi^ ^^^j^ ^ J (n G C^i and 6 up layer < 2^ in 
[y - de,y + de]) 
+f^el-L, L,) ^ ^-^1 and n G [-1 + 5, 1 - 5] 



on 



all of [xk,Xk+i] for some fc) 



EDM ,4 . / 

< (l + a)-^+L,exp - — 

for £ large enough with respect to 1 /J^. 

For the lower bound, on the other hand, we use Step 2 once more. To this 
end, we will consider layers falling strictly interior to g on the subset J®, := 
[y — de + he + 3£, y + de — he — 3i]. Then, according to Step 2, there is a high 
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probability of iiitting ±1 on ^ \ J®^. More precisely, notice that we can estimate 
L ) ^ ^-^1 ^^'^ there exists an up layer in [y — dg, y + d^]) 
> ^ ^ (n G C^i and there exists a 5^ up layer < 2i in J®^ 

and u hits — 1 in (y — , y — d^ + /i^ + 3^) 
and u hits +1 in {y + de — he — 3£, y + d^)) 
>[l-E{e)) ^,;l^}^^^^^^{ue\:A^^nd 

there exists a 5^ up layer < 2£ in J®^) , (5.32) 

where in the last line, we have applied Lemma [5^ On the other hand the proba- 
bility on the last line can be estimated 

> ^ ^ (n G C^i and (5^ up layer < 2£ in Jy^^) 

~ /"J(-L L ) ("^^ ^ ^-^1 ^"^^ ^~ layer < 2^ 

in (y - de,y - de + he + hi)) 

~ L ) ("^^ ^ ^"^1 ^"^^ '^^ i^y^r — 2^ 

in {y + de-he- 5i, y + 4)) • (5.33) 

Applying the bound (15.11 ) to each term in (15.331 ) and substituting into (15.321) com- 
pletes the lower bound. 

Finally, recalling the bound ( 14.91 ) on the probability of completes the proof 
of Theorem 1 1.91 

□ 

6. Proofs of the Lemmas 

6.1. Proofs of preliminary energy lemmas. The energy lemmas rely on upper 
bounds and lower bounds for the energy over various sets. The upper bounds are 
derived based on constructions. (The minimum value of the energy is necessarily 
less than or equal to the value that we can achieve with any given construction.) The 
lower bound, on the other hand, describes the best possible value for any function 
and is based on the so-called Modica-Mortola trick discussed in Section |2l Before 
we begin, we make a remark about our constructions. 

Remark 6. 1. In addition to giving us an ODE for the energy minimizer on M, equa- 
tion (12.11) serves as the backbone for the constructions that are used to establish 
upper bounds for energy minimization problems on finite systems. For instance, 
suppose we want to minimize the energy on {—l,€) subject to m(±£) = ±1. For 
I large, we can build a construction that almost achieves the cost cq. Specifically, 
consider the centered solution of (12.21 ) on (— £ + a,£ — a) for a = Linearly 
interpolate from its value at — £+a to — 1 at —i, and symmetrically at the other end. 
Because of the exponential convergence of the minimizer to ±1 (cf.. Lemma [TT]) . 
the energy on {—I, —£ + a) and {i — a, £) is o(l) as £ f c«. Similarly, if we mini- 
mize the energy over functions satisfying u(±£) = ±M for M large, we can build 
a piecewise-defined construction that goes from — M at — £ to a neighborhood of 
— 1 at — £/2, goes from a neighborhood of — 1 at — £/2 + a to a neighborhood of 1 
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at £/2 — a, and goes from a neighborhood of 1 at ^/2 to M at ^, with hneai" interpo- 
lation near ±^/2 to make the function continuous. The cost of such a construction 
is 

M 



^j2V{u) du + / ^/2V{u) du + / ^JW{u) du + o{l)e,^oo, 

where we write the integrals separately to emphasize the additivity of the energy 
over the three subintervals described above. Because according to (12.11) we can get 
a good bound using increasing or decreasing functions, the analogous bounds hold 
for u{±i) = =fM, u{±£) = M, et cetera. 

If M is very large, the constant in the energy lemmas may also need to be very 
large in order to make the o(l) term small. The idea in all of the following proofs 
is to make this term small enough so that it can be absorbed into a ^-dependent 
term, so the ordering of the constants is important: We fix M (large) and 6 (small) 
and then choose £^ large enough so that the term(s) that are o(l) with respect to i 
can be absorbed. 

In what follows, it will be convenient to introduce the notation: 

-1 



ip-i{u) 



^/2V{s)ds 



1 



<f+i{u) 



^/2V{s)dx 



Proof of Lemma \23\ We will establish (12.41 ) via an upper bound on the energy over 
Ji^'^ and a lower bound on the energy over J\^'^. Because of the extra condition in 
^o'^, the energy on {—i,€) is large (of order 5"^ I), and we do not have to be as 
careful about the boundary conditions as usual. A rough bound will suffice. 

Step 1. As explained in Remark WA\ the upper bound relies on a construction. 
Given any u_ G [— M], we can use the solution of (12.11) to connect to a neigh- 
borhood of 1 or —1, and similarly for u^. If the optimal connection for u_ is to 
— 1 and the optimal connection for n_|_ is to +1, then in order to build a continu- 
ous construction, we incur the additional cost Lp^i{l) = cq, where we have used 
the notation introduced above and recalled the value of cq from ( 11.91 ). (If the op- 
timal connection for u_ and u_(_ is to the same value, then the construction does 
not incur this extra cost, but the upper bound is still valid.) Putting together these 
three pieces of the construction and the small correction terms for continuity (see 
Remark lOT ). we can express the upper bound derived in this way as: 

inf E,2l,2l){u) < min{99_i(u_),(^+i(u_)} 

+ min{(/j_i(u+),(^+i('u,+)} + cq + o(l)£too- (6.1) 

Note that Assumption 11.11 allows that o{l)i^^oo may depend on M: If u_ is very 
large, the (near) optimal connection from n_ to 1 requires a lot of space. This 
explains why in the statement of the lemma depends on M. 

Step 2. Now we turn to the lower bound over A^". On the one hand, on (— ^, I), 
the condition in ^q'^ implies that the integral of V over (— tj cannot be too small. 
Using the quadratic behavior of V near ±1 (see Assumption ll.il) . we have for 5 
small enough 

i?M,£)(n)>/ V{u)du>^ . (6.2) 
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To integrate over the rest of the interval, we recall the trick of Modica and Mor- 
tola that was explained in Section |2l Consider first (— 2£, —t). We divide into two 
cases: > 1 and the complement. 

If u G ^o'^ and |n_| > 1, then there is a point x_ G (— 2£, —tj such that 
= 1. In this case, the Modica-Mortola trick on (—2^, gives 

E(-2i-e){u) > E^_2i,x^){u) > min{99_i(n_),99+i(n_)}. (6.3) 

On the other hand if < 1, then for £ large enough, we have 

min{v7_i(u_),v?+i(u_)} < '-^ . (6.4) 

If |n_| > 1, then adding the contributions from <\6.2\ and (I6.3l l and subtracting 
the contribution from (16.11 ) gives 



> mm{v3_i(-u+),v3+i(ti_|.)} - Co + o(l)^-t-oo- 

On the other hand if |u_ | < 1, then the contributions from <\6.2\ and (16.11 ) together 
with the bound from (16.41 ) imply 

inf S(_2£,2£)(^i) - inf ^(-2^,2^)('") 
3V"(l)£6'^ 

> min{v?_i(u+),v3+i(u+)} - cq + o{l)eioo- 

Since this is a weaker bound, it holds in either case. 

Repeating the identical argument on {£, 2£) and in addition absorbing cq by 
y"(l)MV8 gives 

inf ^(-2^,2^)W - inf £^(_2^,2^) (^^) 
ueAl" u&A°'' 

V"{1)£5'^ 

which completes the proof of Lemma 1231 □ 
Proof of Lemma |231 We rewrite the set Aq^ as 

Aq"" = A^LiA+, 

where the A± are the sets of paths that perform a wasted excursion starting from 
a neighborhood of ±1. We will prove the bound on the energy difference for ^_|_. 
The corresponding bound for A- follows in the same way. 

As usual, our task is to produce appropriate upper and lower bounds. 

Step 1. The upper bound on inf^bc £'(-2^,2^) (^) is by construction. Consider 
the function u that minimizes -£'(-2^,2^) subject to 



u{±2£) = u±, u{0) = 1, 
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and notice that 

rO 



E(^_2e,2e){u) = inf I^J ^^^{d^uf + V{u) dx: n(0) = l,u{-2£)=uJj 
+ inf <{ / -[d^uf + V{u) dx : ti(0) = 1, u(2^) = u+ 



wo 

= + v3+i(n+) + o(l)£^oo, 

uniformly for u± G [—M, M]. (This can be established by building a construction 
by hand, as we have explained in Remark lSHl and the proof of Lemma l2.3l ) Hence, 
since u G Ji^^, we have the (not necessarily tight) upper bound 

inf S(_2£,2£)W < E(^_2i,2i){u)=^+i{u^) + V+i{u+) + o(l)^too- (6-5) 

Step 2. We now turn to the lower bound on inf^_|_ E(^_2i^m{u). Recall the 
points x± that follow from the definition of and Definition [231 Because of the 
properties of the potential, we may without loss of generality assume that u{x±) = 
1 — 6 and u{xq) = 6. 

We now use the Modica-Mortola trick on (—2^, x_) U (x+, 2tj to recover 

> 99+i(u_) + (^+i(n+) - C(^^ 

? inf ^(_2£,2£)(t^)-C(52-o(l),^oo. (6.6) 

On the other hand, applying the Modica-Mortola trick on , xq) U (xq, gives 

E(x^,x,){u) + S(.o,x+)(^^) > 2 /" ^/2V{u) du ^ CO - (6.7) 
Combining (16.61 ) and (16.71 ) completes the proof of Lemma |23] □ 

Proof of Lemma Step 1. For the upper bound over A^'p^.^, we use the function 
u that minimizes the energy subject to 

u{±2i) = u±, u{±£) = -1 - 25, n(0) = 5. 

As in the proof of Lemma 1231 we observe that u G -4.^^^^ and hence the construc- 
tion gives an upper bound 



Ab 

S,pre 



inf E(^_2e,2e){u) < (p-i{u-) + ip-i{u+) + 2(p+i{0) + C6 + o{l)i^oo 

^ (p-i{u-) + ^^i{u+) + co + CS + o{l)etoo- (6.8) 

Step 2. For the lower bound over A^'^, we observe that for any u G A^'^, either 
there is a point x_ G (—2^,0) and a point x^ G (0, 2£) such that u{x±) is in 
a (5 neighborhood of 1 or —1, or else the energy (by the same argument as in the 
proof of Lemma l2.3l ) is bounded below by 6'^iV"{l)/2 for 6 small enough. We can 
choose £ so large that this is greater than 93^1 (u_ ) + (u+ ) and hence dominates 
the boundary terms in (16.81 ). On the other hand, if the points x± exist, then by the 
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usual trick of Modica and Mortola, we recover 
iiif E(^_^2e,2e){u) 

> mm{99_i(u_),93+i(ti_)} + min{(/?_i(n+), 99+i(n+)} - C5 

= ip-i{u^) + ^-i{u+)-C6, (6.9) 

where the second hne follows by virtue of the boundary conditions u± G [— M, 0] 
and the symmetry of the potential. 

The combination of (16.81 ) and (16.91) completes the proof of Lemma [Z8l □ 

6.2. Proof of the strong Markov property. 

Proof of Lemma IT71 By subtracting h^~'^'^ we can reduce the problem to the 

Xj^ 

case of zero boundary conditions. Under W^'^^ u — and are jointly 
Gaussian and centered, because they are both linear images of u. So it is sufficient 
to calculate their covariances. Using (13.11 ). it is easy to see that, for all xi,X2 G 
one has 

= 0, 

and for xi,X2 G [x-, one has 

= - — —^^((xi - x^)(x+ - X2) A (X2 - - Xi)) . 

x+ — x_ V / 

This shows the claim. □ 



Proof of Lemma 1X2] We start by observing that the statement of Lemma BTl im- 
phes that 

E^l-;r(<5|-F[._,._] V^[,,,,]) = E;^1-^)(cI>). (6.10) 

In order to prove the desired statement (I3.7t . observe that the density of /i^T n 
with respect to lA^^T'^^ , can be written as 

^ e\x-,x+) 

exp (-- [ V{u) dx^ = ^0 5'+, 

^ ^ J X— ' 

where 

:= exp ( ~ ~ y ^(^) ' ^+ •= {~~ J, ^f^"") 

and ^0 :=exp ( — - [ y{u) dx\ 

are measurable with respect to T[x_,x-]^ ^rid Suppose that test 

functions H_ and are measurable with respect to J^[x_^x-] J^[x_f_,x+]- Then 
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we get 

^^-^+) (6-11) 

e,(a;_,a;+) 



e,(x_,x+) 



e,(x_,z+) 



This finishes the proof of Lemma [3l2l □ 

We are now ready to give a proof of the strong Markov property. 

Proof of Lemma [O} We treat only the Gaussian case (I3.9I ). Equation (13.101 ) then 
follows as in the proof of Lemma [T2l 

We start by proving (|3.91 l in the case in which x- and x+ are left and right 
stopping points that attain values in a finite set {x^i • • • ) X^}- Then we can write 



E(:i'xr(^i-^[.-,x-]V-^[x.,..]^ 

Yl Yl ^(rrX'r(^^{x-=x"}i{x+=x'"}l-^[^-,x-] v-7^[x+,x+]) 

n=l m=l 

N N 

Yl Y l{x-=x"}l{x+=x"}^(^li+'r |-^[^-,x"] V-^lx'-.x+l) 



n=l m=l 

Af N 



Y Y ^{x-=x"}l{x+=x™}^(^'\x'")(^) 



n=l m=l 

{x-,x+)^ ^ 

In the second equality, we have used the fact that the x± are left and right stopping 
points. 

In order to see the general case, we approximate the stopping points by 

:= inf {x = i 2"^ : i G Z, x > X-}, 
X+ := sup{x = i2~^ : i e Z, x < x+}- 

Then and x+ are stopping points taking values in a finite set and, in particu- 
lar, (13.91 ) holds for them. We have 

X^iX- and x+ t X+ as TV f oo. 
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lim e;^-%,(<j>) 

lim E!!-"-'r+f<I>|^u .^1 VJ-r,«, 



Now, in order to conclude that (|3.9l l also holds for x±, we first observe that for any 
continuous, bounded $ : C([x_, — > M, we have for every path u that 

{x-,x+)^ ^ 

In the first step, we have used that, due to the continuity of u, the measures 
(x^ x^) ^^^'^^^?>^ weakly to x+)' easily be confirmed. In or- 

der to see the last line, it suffices to check that the limit in the third line does indeed 
satisfy the characteristic properties of a conditional expectation. 

This equality can then be extended to arbitrary test functions <I> with a standard 
monotone class argument (see e.g. IIRY991 Ch. 0, Thm 2.2]). 

□ 

6.3. Proof of large deviation bounds. The large deviation bounds (I3.17l i and (I3.18t 
are statements about the quotient of expectations of the form 



l^(u) exp - ^ y V{u) dx^ ^ . 



see (11.51 ). Consequently, the results will follow as soon as we establish upper and 
lower bounds on these expectations. Throughout this subsection, A will always 
denote a set of continuous paths u on [x_ , x+] that satisfy the boundary conditions 
'<J'{x±) = u±, and topological notions like open or closed will always refer to the 
topology of uniform convergence. We will frequently use Ix-,x+{u), the Gaussian 
energy of a path (defined in (I3.2l i). and /"f , the minimal Gaussian energy given 
the boundary conditions (defined in (I3.15l l). 

The upper bound for the Gaussian expectation can then be stated as follows. 

Lemma 6.2 (Upper bound). Fix constants M < oo, < ^_ < < oo and 
R < oo. Suppose that i = (x+ — x_) € and u± G [— M, M]. Then for 

any (5, 7 > 0, there exists an eQ> Q such that for any measurable set A satisfying 

-^^\E{u)-i:^<R (6.12) 



and for any e < Eq, we have 

We ( -I ( \ ( ^ 



EfZ'xr (i-^^^) ( - 7 r ^^""^ '^")) 



< exp f - - ( inf E{u) - - 7)) . (6.13) 

Here Eq depends on M, sup|^|^^^_^_^ ^_;^^^^^_^j^^ _^_^ )|, 6, and 7 but not on 
the particular choice ofx±,u±, and it depends on A only through condition (16.121) . 

As usual in large deviation theory, the derivation of lower bounds for integrals 
is reduced to the case of a ball 

B{u^,5) := {u: \\u — ti*||oo < <5} 
around a suitably chosen profile u^: . 
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Lemma 6.3 (Lower bound). Fix constants M and < cxd. Suppose that I = 
x+ — x_ < u± G [—M, M]. Then for any profile with 

sup < M (6.14) 



and any 5, 7 > 0, there exists an Eq > such that for e < Eq 

<l'X'r {Mu,M^) exp ( - ^ V{u) dx) 

> exp ( - ^{E{u,) - + 7)) . (6.15) 

Here Eq depends on sup|^,|<j^,/_,_i \ V'{v)\,£+,5, and 7 but not on the particular 
choice ofx±,u± and it depends on only through the condition (16.141 ). 

Now we give the proofs of Lemmas |6 . 2 1 and |63] The proofs of Propositions 13.41 
and l3.5l are given afterwards. 

In order to prove the upper bound, we will invoke the known upper bound for 
Gaussian large deviations. In the current context, this can be stated as follows. 



Proposition 6.4 (Gaussian large deviation, see e.g. |Bog98 Cor. 4.9.3 ]). For 



every closed set A and for any 7 > 0, there exists an Eq > such that for every 
E < Eqwc have 

>V°'°,i)(-^) <e^p(-7(i^f (6.16) 
The argument for Lemma ld!2] is an adaptation of the proof of HdHOOl p. 34]. 
Proof of Lemma W2\ Step 1. We start by reducing the general problem to the case 



of homogeneous boundary conditions on [0, 1]. To this end, we introduce the fol- 
lowing affine transformation. We define the transformation T : u ^ u, where for 
a given path u : , x+] — M we denote by n G C([0, 1]) the function 

u{x) := u{x. +ix) - /io7"+(x). (6.17) 

Recall from (13.41 ) that /iq^'"'''(x) = xu^ + (1 — x)n_. It is clear that T is a 
bijection between the set of continuous paths u on x^] with boundary con- 
ditions u{x±) = u± and C([0, 1]), the space of continuous paths on [0, 1] with 
homogeneous boundary conditions. Furthermore, if u is distributed according to 
^£(a-"^a;+)' ^^^^ ^ distributed according to yVif(^Qiy Note that the variance 
changes due to the rescaling by i. 

The expectation that we want to bound can be expressed in terms of u as 



EjJ'^f'°(l_4(.i)exp(-^ [\{u + hl,^^^)dx)), (6.18) 



where A := {Tu: u ^ A}. On the other hand, the condition (16.121 ) and the right- 
hand side of the desired bound (16.131 ) can also be expressed in terms of u, as we 
will now do. We have for every u that 
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where, for convenience, we have introduced the notation 

E;^{u) := J^' ^^{d^nf + iV{u + hl,'"^-) dx. 

(Note that we have not included /^f in the definition of the rescaled energy E^^ , 
because this way E^"""" will appear as the natural rate functional.) Condition (16.121 1 
can now be expressed as 

inf E^^{u) < R, (6.19) 
u€B{A,5) 

and for the right-hand side of (I6.13l l. we get 




Relabelling ^ as ^ and u as u, we conclude that it suffices to show that for 
every set ^ C C([0, 1]) satisfying 

inf Ef^(u) < R, (6.20) 

we have for e < Eq that 

^Sf '"(I-aM exp ( - ^ V{u + dx)) 

<expf--( inf £;;±(u)-7)). (6.21) 

This bound will be established in Steps 2-4. 

Step 2.The strategy to prove (16.211 ) consists of decomposing C([0, 1]) into a set 
of paths with high Gaussian energy and a finite number of small balls with lower 
Gaussian energy. One can use the Gaussian laige deviation bound (16.161 ) to bound 
the probability of the set of high Gaussian energy, which we will make to be a term 
of higher exponential order by choosing the Gaussian energy high enough. Then 
for the balls with lower Gaussian energy, the expectation over a given ball can be 
estimated by bounding an exponential factor by its supremum on that ball, and then 
bounding the Gaussian probability of the set using (16. 16l l again. Finally, one has to 
sum over all the balls. As the total number of balls is finite and the bounds decay 
exponentially, the largest of the summands determines the behavior. 

The main difference with respect to the classical argument in F dHOOII is that we 
choose a partition of C([0, 1]) into sets that do not depend on A. This is necessary 
to ensure that the number of balls is independent of A. The price we have to 
pay is that on the right-hand side of (16.211 ) we take the infimum over the small 
neighborhood Bi^A^S) of A instead of taking it over A only, as in the classical 
argument. 

Let us now give the details: First, fix a 7 < 1 and let 

l:=-i{l^ sup A5A-. (6.22) 
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The sublevel set 

is compact in C([0, 1]), and we can cover it by a finite number of open balls 

B{uk, d) of radius 6, where Uk G K-e+B. for each k. Note that A does not enter 
here, so both the profiles Uf^ and the number -/V^^^^ depend only on ^,5,£+R, 

and sup|^|^^ ^_i^^^^^-^^ _^^^^-^ not on the set A or the specific choice of 

x±,u±. Actually, it can be checked using the Holder continuity of functions with 
bounded //^-norm that this number grows like exp (C(i?£+5~^)^). 
Using this covering and the positivity of V, we have for any set A that 



k=l 

,0,0 



+ ^^eem)['^\^kB{uk,6)). (6.23) 
Step 3. The last term in (16.231 ) can now easily be bounded: 

>^So,i) \ ^kB{uk, 5)) < >V°;°o (C Ufc B{uk, ^)) . (6.24) 

The set B := CUk B{uk, 6) is closed and by definition infueB Io,i{u) > 
Hence, the Gaussian large deviation bound (16.161 ) implies that there exists an eq > 
such that, for e < eo,we have 

<(o,i)(^)^«^p(-^(^+^-^' 



W^f,.,JA\iJkB{uk,S) 



Now we choose sq = £o^+^ ■ Then, for e < eq, we can conclude that 

fe,(o,i) ' 

< exp(-l(^+i?-7) 

< exp(-l(i?-^ 

< exp --( inf E';^{u)-^)). (6.25) 

Step 4. It remains to bound the sum on the right-hand side of (16.231 1. Since the 
number of summands remains constant as e J, 0, the sum is dominated by 

the largest summand. Specifically, after fixing 7, 6, i+R and M, we can choose 
eo > sufficiently small so that e < Eq implies 



^li+R = exp - e log [N-,^,^^] ) ) < exp ( - ) . (6.26) 



Hence, up to an extra factor of 7, it is sufficient to obtain a good exponential bound 
on the largest summand on the right-hand side of (16.231 ). 
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If B{uk, 6) n Ais empty, the largest summand is zero. Otherwise, we have 

J 

/» 1 

< sup exp ( - - / V{u + hl\) dx) {B{uk, 6)) . (6.27) 

Due to the lower semi-continuity of /o,i, we can choose Uk G B{uk, 6) so that 

Io,i{uk)< inf _ Io.i(n)+7. (6.28) 

M£_B(ufc,(5) 

Then the first factor in (16.271 ) can be bounded above by 

exp (--(£/ y(Mfe + /io±)(ij;-25£+ sup (6.29) 

and we need a bound on | jiifcl loo- First we recall that Uf^ G /C^^^j, which by defini- 
tion gives /o,i(^^fc) < i+R- Together with the definition of n^, this gives 



(KM 

Recalling the homogeneous boundary conditions, this implies that 

\\uk\\oo<^j \dxUk\dx <]^(^j \dxUk\'^dx^ < ^j2-^{i+R+ 1). 
Hence, the definition (16.221) of 5 implies that the bound in (16.291 ) improves to 



1 

exp - - (^^ j V{uk + /io,t ) - 27) ) . (6.30) 

On the other hand, the Gaussian large deviation bound (16.161 ) and the defini- 
tion (16.281 ) of Uk imply that for every k there exists an > such that for l^e < Eq 
we have 

>^2°(o,i) {B{nk,S)) < exp ( - 1 (/o,i (uk) - 27)) . (6.31) 

As there are only finitely many Uk (the selection of which does not depend on A), 
we can find an eq such that this bound holds for all Uk simultaneously and such 
that (16.251) holds as well. 

Substituting (16.301 ) and (16.311) into (16.271) gives for each k that 

< exp(-^(^;±(ufc)- (2 + |- 

< expf-V inf ^"±(n)-f2 + -^ 



< exp(--( inf i5;;±(n)- (2 + - 

After relabelling 7 (for instance by a factor of 6), the above bound together with (16.231 ). (16.251 ). 
and (16.261 ) finishes the proof of (16.211 ). 

□ 
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The proof of the lower bound (I6.15l l relies on the classical Cameron-Martin 
Theorem. In the current context it can be stated as follows. 

Theorem 6.5 (Cameron-Martin Thm. e.g. ||Hai091 Thm 3.41]). For a fixed f £ 
C{[x-,x+]), define the shift map Tf. C([a:_,x+]) — )■ C([x_,x+]) by Tf{u) = 
u + f. Then the image measure T?W'^'? > '■^ absolutely continuous with respect 

to y^'^'^^ ^^-j if and only if f £ Hq{x-, x+). In that case the Radon-Nykodym 
derivative is given by 



'/ £,(x_,a;+ ) 



(n) = exp ( - h^_,xM) + ^/"^ d,f{x)du{x)^y (6.32) 



Here, as in the case of Brownian motion, the stochastic integral term 
£ Ix^ ^xf{x) du{x) can be defined as the limit of Riemann sums in ■ 
In particular, it is a linear mapping in u defined for all n in a measurable subspace 
of C([a;_,x+]) of full measure (See e.g. IIHai091 Sec. 3]). 

Note that (16.321 ) can formally be derived by expanding the square in the non- 
rigorous expression (I3.3l l. 

Proof of Lemma \63\ . We can assume that G H^, because otherwise the bound 
is trivial. As in the proof of the upper bound, (16.151 1 only gets stronger when we 
take a smaller 5. Therefore, it is sufficient to show (16.151 ) with 5 replaced by 

5:=-i( sup \V'{v)\l^ A<5A1. (6.33) 

\|d|<M+1 / 

We begin by stating the simplistic bound 

> exp ( - i sup n V{u) dx) W^"7;% ^ {B{u,,~5)) . (6.34) 

Due to the assumption (16.141) on and the definition (16.331 ) of 5, we get that 

sup / V{u)dx< / V{u^)dx+ sup \V'{v)\6l+ 



< / V{u^)dx + -i. 



X- 



It only remains to derive a lower bound on Vy^^^""*"^^^ [B{u^, 6)) in terms of the 
Gaussian energy. To this end, we again transform to an interval of length one 
and shift it in a way that it satisfies homogenous boundary conditions, as in the 
proof of Lemma l6.2l To be more precise, we assume that u is distributed according 
to VV"^^''"*'^^^ and apply the affine transformation T defined in (16.171) . Then Tu = 

u is distributed according to W^^'^^g Therefore, we have to bound the probability 
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^fe'^(o i)(^(^*' '^))' where n^, := Tn*. This can be obtained using the Cameron- 
Martin Theorem 16.5 1 with According to (16.321 ). we have 

^fe!'{o,i)(^(^*'^)) =exp ( - j^IoAu* 



Now we will use the trick of sneaking in a cosh function. To this end, we remark 
that the map u i— )• dxU^{x) du{x) is linear in u. Also, the measure W^^'^^q 

is invariant under the mapping n i— — n and this mapping leaves the ball B{0, 5) 
invariant. Hence, the last expectation is equal to 

^(o!'i)°'°(1b(o,5)(^) ( ~ / 5x-u*(x) du{x] 
Therefore, we can write 

^(o'r)°'°(lB(o,5)(^)6^P / dxMx)du{x)^^ 



2 "^(0,1) \^B{0,5) 



exp(— f dxU*{x) du{x 
Jo 

+ exp ( ~ y dxU*{x) du{x 
^(o'i)°'° {} B{o,~S) cosh [j^ dxu* (x) du{x) 



> wSo.i)(^(0'^~))- 

We claim that there exists an > such that for all i < i+ and all e < Eq this 
probability is larger than exp ( — £"^7) . Actually, (16.161 ) even implies that for any 
7 > there exists eo > such that, for ie < Eq, we have the stronger bound 

*)) S exp ( - 1 ( W («) - y 

Note that this eo also depends on sup|,,|<j;/_|_i |T^'('t^)| as we have potentially 
decreased S in the first step. Then in order to conclude, it is sufficient to observe 
that 

□ 

Now the proofs of Propositions 13. 41 and 1331 are straightforward. We begin with 
the upper bound. Proposition [ 



Proof of Proposition \3.4\ We want to derive a bound on 

..... c:^r(i^(")°p(-ig'^M^, ,,3,, 
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The assumptions on A in Proposition 13.41 are identical to those in Lemma 16.21 so 
we can conclude from (16.131 ) that 

KfTi'Xr (i^(-) ( - ^ /7 nu) dx) ) 

<exp(-i( inf E{u)-i:^-j)) 
\ e ueB{A,s) / 

for e < eo- Also this eq depends on M, R, , (5, and 7 but not on the particular 
choice of x±,u±. It only depends on A through the condition (16. 12l i and on V 
through the local Lipschitz constant. 

To get a lower bound on the denominator in (I6.35I I. we observe that for every set 
of boundary conditions u±, there exists at least one minimizer n* of E given these 
boundary conditions. Furthermore, this minimizer attains only values in [— M, M]. 
This is clear because replacing by n^, A M V (— M) only decreases the energy. 
Therefore, for any (5 > 0, we get from (16.151 ) that 

> ( - ^ ^(^) ^^)) 

> exp(-i(ii;K)-/^±+7)) 

for £ < Eq, where satisfies the same uniformity assumptions as above. This 
finishes the argument. □ 

The proof of the lower bound is similar. 

Proof of Proposition 13. 51 To derive a lower bound o n /""j ^"^^^) (-4) for a given 7 
we choose u.y as in ( 13.191 ). Then we can write using (16.151 ) 

> <:Xr {^Biu-,M^) exp ( - i V{u) dx)) 

>exp(--(inf E(«)-/^±+27)), 

for e < eo where eq can again be chosen uniformly. 

To derive a uniform upper bound on the normalization constant we only need 
to observe that for any M < 00 there exists an i? < cxd such that for all u± E 
[-M,M], we have 

inf E{u) < R. 

Then (16.131 ) implies that there exists eo > such that uniformly for e < eo 

<i'xr(-p(-^r'^(-)^-)) 

This estabUshes (ITT8] ). 
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□ 

6.4. Proof of the one-point distribution lemma. 

Proof of Lemma \4A\ First we remark that, heuristically, the "most difficult" point 
to consider is xq = 0. We present the following proof for precisely this case. The 
same proof carries over for any point xq (with only trivial modifications), but we 
present it for xq = since it simplifies the notation slightly and makes the main 
ideas stand out. 

Also notice that by the symmetry of the potential (cf . Assumption 11.11) and the 
representation (11.51 ). it suffices to prove 

/^.^flL„L,)(^(^o) > m) < exp (-^) • 
In fact, it will be convenient to establish the estimate in the form 

(^(0) > < exp , (6.36) 

which is of course equivalent for C2 '■= 46*2. Thus consider the set of functions 

A:={u(^ C{[-Le,Le\): u{-Le) = -l,u{Le) = 1, andw(O) > 4M}. (6.37) 
Define as follows: 

— supja; < 0: n(x) < 3M} and x^_^ ■.= \ni{x>Q: u{x) <?,M]. 

Notice that we may assume without loss of generality that M > 1, and hence, 
because of the boundary conditions u(— L^) = —1 and u{Li;) = 1, the points 
x^_}' < < x']_^^ are well-defined for every u £ A. The set A can then be divided 
into the following two sets: 

Ai:={ueA: max{|x3*^|,x3*^} > 1}, 

A2:={u(^A: max{|x!.*^|,x3^^} < 1}. 

To bound the probability of Ai , we will use bounds on the potential and a reflection 
argument. For A2 we will use a rescaling argument and the large deviation bound 
(13.171 ). The two cases are illustrated in Figure |6T1 
Step 1. We treat Ai first. For n G ^1 we have 

The idea is to introduce a reflection over the line u = 2M that preserves the Gauss- 
ian measure, and use the decrease of the energy (II.6I 1 under this reflection. 

We begin by collecting some facts about the potential V . To begin with, accord- 
ing to the growth estimate in (11.31 ). V grows superlinearly at infinity. Hence, we 
may choose sufficiently large so that the following two properties are satisfied. 
On the one hand, V grows at least linearly on [C3, 00), i.e., there exists C4 < 00 
such that for ui > U2 > C^, there holds 

V{ui) - V{u2) > l/Ci {ui - U2). (6.39) 

On the other hand, ^(Ca) > F(0), so that in particular 

V{C^) = sup V{u). (6.40) 

«G[0,C3] 
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(a) A path in yli. (b) A path in yl2- 



Figure 6.1. The two different cases. To show that has small 
probability, we reflect between the . This decreases the poten- 
tial energy. The probabihty of A2 can be bounded using a large 
deviation argument. 



We will use the fact that (16.391 ) and (16.401) together imply that as long as > C3, 
then 

ui > \U2\ V{ui) > V{\u2\). (6.41) 

Now we are ready to reflect. Define analogously to (noting as above 
that they are well-defined for paths in the set of interest). Consider the reflection 

operator R defined as 



^2M 




R^tM^ix) ■— { ^ ^ -j: _ / 2M 2M\ ' (6-42) 



if x G (x? 



which for the purposes of this lemma we will abbreviate with R. In order to have 
R well-defined for all continuous paths u, we define it to be the identity for those 
paths u that never exceed the level 2M. 

Notice that x^^^ is a right but not a left stopping point, and similarly x^*^ is a 
left but not a right stopping point. In particular, the strong Markov property (13.91 ) 
does not directly imply that R leaves y^^^'\ ) invariant. Indeed, it is not true 

that under W~^^^^^ ^ ^ the conditional distribution of n(x) for x G [x^^^,x^^^], 
given the path outside of this interval, is a Brownian bridge. 

Still, it is true that the reflection operator R preserves VV^^^l'^ ^ ^. To see this, 
introduce auxiliary stopping points 

xl^'^ := inf{x > -L^ : u{x) = 2M} and xf'^ ■= sup{x < : u{x) = 2M}. 
As above in (14. 181 ). we use the convention that x±*^ = =F^e if these sets are empty. 

1 X4. 



On A, these points are well-defined and we automatically have [x^*^,x^^'^] C 



[X- )X+ ]■ The points x± are left and right stopping points. Therefore, (13.9) 
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implies that the reflection operators R R .2m » and R 2m (defined in the same 
way as R ) preserve W~^^^ ^ y Observing that 

^2M ^2M ^2M 

R = -R^2A/ ° R^2M ° RJ2M ■, 
A_ -^-1- X_ 

we conclude that R also preserves W~^^l'^ ^ ^ . 

We now develop a quantitative, pointwise estimate of the effect of R on the 
"bulk energy" V{u). By the definition of x^'^ , we have that u{x) > 2M for all 
X G [x^^"^, x"^'^], the set where R acts. Hence, it suffices to consider the effect of R 
when u{x) > 3M and when u{x) G [2M, 3M). We will first establish that on the 
set 

{x e [x'i^,xf^]: u{x) > 3M}, 

R decreases the bulk energy significantly. Indeed, on this set, |Rn| < u — 2M and 
u - 2M > M > C3, so that 



V{\Ru\) ^< V{u-2M), (6.43) 



which together with (16.391 ) implies that for u{x) > 3M, 



V{u{x)) -V{Ru{x)) ^ V{u{x)) -V{\Ru{x)\) 



{6A3i 

> V{u{x)) - V{u{x) - 2M) 

> 2M/C74, (6.44) 

which holds in particular on all of [xi^jxi^^]. On the other hand, if instead 
u{x) G [2M, 3M), then the bulk energy still decreases under R. Indeed, we have 
for u{x) e [2M, 3M) that u{x) > Ru{x) > M, so that by (IMTI ) we know 

V{u{x)) - V{Ru{x)) > 0. (6.45) 

Combining (16.441 ) and (16.451 ) implies that for all u S ^1, we have 

{V{u) - V{Ru)) dx 
= f (v{u) - V{Ru)) dx 

> 2M{xf^ - xl^)/C4^ 2M/Ci. (6.46) 



We are now ready to estimate the probability of ^1 . Indeed, we have that 
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> 

{ED 



2 {-Le,Le) 



^RAiiu) exp 



inv._ofR J_pWe,-l,l 

2 ^{-L.M 



We, -1,1 



V{u) dx 

1a (^) j y{^u) dx 

U(u)exp(-^ j {V{Ru)-V{u)) 
V{u) dx 



dx 



> 



2M\ 1 ^W.,-1,1 L I ^ 

y-^^^ J z^{-L,L.) [^Au) exp 
f^^^ -1.1 ^yl ^ 



V{u) dx 



where Z 



r-1,1 

-•e.i-L^L,) 



-1,1 



is the normahzation constant for / 



e,(-L„L,) 



and all of 



the integrals are over [— L^, L^]. Moving the exponential to the other side of the 
inequality, we get that 



-1,1 



[Ai) < exp 



2M\ 



(6.47) 



which gives (16.361 ) for with (72 = C4/2 . 

Step 2. Now consider the set A2- Here we will use a rescaling argument and the 
large deviation bound (I3.171 i. For u £ A2, 'we can define 

X- := mf{x G [-1, 0] : u{x) = 3M}, x+ ■= sup{x G [0, 1] : u{x) = 3M}, 

with the understanding that x± = if these sets are empty. These random variables 
are left and right stopping points. Hence, the strong Markov property (I3.10l i implies 
that 

-1,1 



= ^'el-L^,L,) («(0) ^ 4M and x± / 



Therefore, if we can show that 



/^.T^'!l)(-(0)>4M)<exp 



M 
'The 



(6.48) 



(6.49) 



for all e sufficiently small (uniformly for — x_, x+ G (0, 1]), then the combination 
of (16.481) and ( 16.491 ) concludes the proof of (16.361 ). We can see ( 16.491 ) by rescahng. 
Indeed, if we transform (x_,x+) into [—1,1] by applying the affine change of 
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variables x — )■ x + where Ax := x+ — we see that 

= ^E(i'l',x^f (l{«(0)>4M} exp ( - ^ ^ V {u{x)) dx) ) 

4^"?"'"(1m^)>4M>-p(-^//(^(^^^ (6.50) 

where Z = 2^3M,3Af normaUzation constant for n^^^'^^ . and e := ieAx. 

Now, we observe that the family of potentials 

r(Ax) 



V:0<Ax<2 



} 



I 4 

is locally uniformly Lipschitz. In particular, applying Proposition 13.41 for 7 and S 
fixed to say 7 = 5 = 1, there exists eo > such that, for e < Eq and uniformly in 
x±, we have 

) < exp ( - ^( inf EaAu) - inf EA.{n) - 1 

Note that the choice of sq depends on M. 
Here we use the notation 

and 



EAcciu) ■■= I { ^{d^uY + '-^V{u) ) dx 



^bc _ 1^ g C7([-l,l]): n(±l) = 3M, u((x_ +x+)/2) > 4M}. 
Hence, as e < e, to establish ( 16.491 ) it will be sufficient for us to show 

inf E^Ax-inf-EAx > 

and we will in fact establish the stronger bound 

inf Eax - inf ^Ax > (M - l)^ > — . 

We will establish the first inequality by way of a variational argument. Notice 
that we may assume that the infima are achieved (if not, a simple approximation 
argument suffices), and so let 

ui := argmini^Ax) U2 ■= argminE'Aa;. 

Observe that automatically ui + x+)/2) > AM — 1. 

We define the auxiliary function U3 := minjni, 3M}. Notice that according to 
the growth assumption (11.31 ) (or see (16.391 )): 

y(ni(x)) > F(3M) on {ui > 3M}. (6.51) 
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On the other hand, since M3 € B^'^ and as U2 is the minimizer over B^'^, we have 

> Eax{ui) - Eax{u3) 

= I ({d^uif+^-^{V{ui)-V{?,M)))dx 
J{u>3M} V 4 y 

> J {d,j, max{ui - 3M, 0})^ dx 

> ( sup maxj-ui — 3M, 0}) ^ 

xe[-i,i] 

> (M-lf. 

This concludes the proof of (16.361 ) for A2 and establishes the lemma. □ 

6.5. Proofs of lemmas from the lower bound of Theorem ll.51 

Proof of Lemma \473\ Since the proof is similar to (and simpler than) the proof of 
the upper bound in Theorem 1 1.5 1 we will be somewhat brief. Our goal is to bound 
above by 2/3 the complementary event, namely that u{x) > for some x G 
[— Lg, —2£] or that |n(xfc)| > M for some k in the index set. As in the proof of the 
upper bound, the probability that |ii(a;fc)| > M can be shown to be exponentially 
small in M/e, cf. (14.91 ). It remains to bound above the probability that u{x) > 
for some x G [— i^e, —2£] and < M for all k. 

Now fix 5 > sufficiently small so that the estimates from the upper bound of 
Theorem 1 1 . 5 1 apply. The set {u G C^i : u{x) > for some x G [— L^,— 2£]} is 
contained within the union of: 

(1) functions with more than one 6~ layer (exponentially unlikely by the upper 
bound of Theorem 1 1.5 1 ) , 

(2) functions with a 6^ layer longer than 2£ (exponentially unlikely for 6'^£ 
large, according to the calculation in Step 3 of the proof of the upper bound, 
cf. (I4l3l) ). 

(3) functions with one and only one 6^ layer, which is at most length 2£ and 
is contained in [— L^, 0], 

(4) functions with one and only one 6~ layer, which is at most length 2£ and is 
contained in [—2£, L^], and such that u{x) > for some x G [—L^, —2£]. 

By symmetry properties of the measure, i.e. the symmetry with respect to point 
reflection of the graph at x = and u = 0, the probability of a 5^ layer contained 
in [— ^£,0] is equal to the probability of a 5^ layer contained in [0,Le], hence 
neither can be more than 1/2. Therefore, the probability of the event described in 
point (3) is less than or equal to 1/2. 

By the calculations referred to above, the sum of the probabilities of the sets 
described in (l)-(3) is bounded by 1/2 plus exponentially small terms, so we are 
finished if we can show that the probability of the set described in (4) is also expo- 
nentially small, namely, the probability that: u{x) > for some x G [— L^, —21], 
\u{xk)\ < M for all k, and there is one and only one 6^ layer, which is at most 
2£ and is contained in [— 2£, L^]. Note that the latter implies that u < I — 6 on 
[-Le,-2£]. 

This bound is easy to obtain by breaking into subintervals (using conditioning) 
and using the large deviation estimate (13.171 ). Indeed, we reduce to probabilities of 
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the form 

^"'(xfcl"!^fc+2) {u< 1-6 and u{x) = for some x G {xk-i,Xk+i) 

where and ua:+2 are arbitrary boundary values in [—M, 1 — 6] and k E 

{— (iV^ — 2), — (A'^j — 3), ... , —3}. (We also need to consider the boundary in- 
terval, where x E (x-at^, x_(^^_2)). As usual, this is no more difficult than the 
bound for the interior intervals.) After applying Proposition 13 .41 (with 6 = 6/2), it 
remains only to introduce an energetic bound. The bound from Lemma [631 below 
suffices. 

Before stating the energy lemma, we explain the idea in words: If we take a. 6/2 
ball around the set of interest, then on x^+i], there is a point xq such that 

u{xo) > —6/2. For I large, the energy minimizer needs to come very close to ±1 
someplace in \x}i^2^Xk-'\\ and [xfc+i,Xfc+2]> (say within (^/4), and since it cannot 
come this close to +1, it is forced into a small neighborhood of —1. Consequently, 
the large excursion from —1 at xq costs almost cq energy. We give the precise 
statement below and prove the lemma at the end of the subsection. 

Lemma 6.6. There exists C < oo with the following property. For any M large 
enough and 5 > small enough, consider the boundary conditions u± E [— M, 1 — 
6] and define the sets 

^bc ._ 1^ g C{[-2i, 2£]) : u{-2£) = u_ and u{2£) = u+}, 
:= {u E A^^: uix) < 1 - 6/2forallxe {-21,21] and 

there is an x^ E [— ^,^] such that u{xq) > —6/2}. 

Then there exists £q = £o{M, 6) such that for £ > £o there holds 



inf Er2i,2i){u) - inf Ef2i,2i){u) > cq - C6. 
Proposition 13.41 and Lemma |6]6] together give 

Uk-2,Uk+2 
£,(xfe_2,Xfe+2) 

< exp 



,^^{u<l-6&nA u(xo) > for some xq E (xfc_i, Xfc+i) 
Co - CJ - 7 



£ 



Finally, we now choose 7 and 6 sufficiently small and sum over the order ~ 
intervals. Bearing in mind the bound (ll.lOl i on L^, we observe that there is also an 
exponentially small probability of the final set that we have studied. □ 



Proof of Lemma W6\ We will be brief, since the proof is similar to the proof of 
Lemma 1231 

First of all, fix M large and 6 small. The infimum of the energy over Ji^'^ is less 
than or equal to the minimum of the energy over functions with u{±.2£) = u± and 
u(0) = — 1. By a standard construction, we have 

inf E/2e^2e){u) < ^P-i{u-) + (p-i{u+) + o{l)e^oo- 

_4bc 

In particular, for £q large enough and £ > £0, one has 

inf Et_2ioi){u) < ip-.i{u-) + </?-i(n+) + 6. (6.52) 
_4bc 



INVARIANT MEASURES 



63 




1/2 

Figure 6.2. By iterated rescaling and application of the large de- 
viation bounds we siiow that the paths relax to a 0(e^/^) - neigh- 
bourhood of 1 within a distance of \ log(e)|. 



On the other hand, on ^q'^, either there exist x_ G [— —i] and G [i, 2£] such 
that 

\u{x±) + 1| < 6/2 

or we have u S [— 1 + 5/2, 1 — 6/2] on an interval of length i. In the latter case, 
we get easily 

Ei.2i,2i)iu)>i6\ 

Since this is higher order for £ large, we may assume that we are in the former case. 

In the former case, we may assume without loss of generality that u{x±) = 
—1 + 6 and u{xo) = —6/2. We then use the Modica-Mortola trick to connect 
the values (a) u_ and u(x_), (b) u{xJ) and u{xq), (c) u(xq) and u(x+), and (d) 
and u+. We conclude in the usual way that 

inf Ei2i,2C){u) > + (p-i{u^) + Co - C6. 

Together with (16.521 ). this completes the proof of Lemma 1631 □ 
6.6. Proof of lemmas related to the uniform distribution. 

Proof of Lemma 1X71 Our argument relies on an iterated rescaling, illustrated in 
Figure 16.21 

We will define K = > 1 below. We begin by enumerating the partition 

{xk}k=-i^K+i) of (-4,4) with width 21q, so that 

x±i = ±£o, x±2 = ±34, . . . , x±K = ±i2K - 1)4, = ±4. 

For brevity of notation, let 

A:= |u: |u(xA:)-l| < ^ for all A; G {-(K + 1), -i^, . . . , + 1}|. 

We will use the elementary facts from probability that for any sets A\, A2, and ^43, 
we have 

p[Ax n A2) < PiAi n A3) + p(CA3 n A2), (6.53) 

P{AinA2nAs) < P{AinA2\A3). (6.54) 
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We also use the Markov property from Lemma 13.21 to deduce the following 
property for conditional measures. If Ain and Am are in J~[—X2,X2] '^^^ Aout is 
in -^[-4,-^-2] V-F[^.2, 4], then 



U-,U+ ( . 



u € Ain n Aout and u{±X2) G (a, h) 



\ -^-^o"t-^«(±3;'2)e{a,fe)^(-X2,X2) l-^An-^An/ 



"(-4,4) I -^^o«t-l«(±X2)G(a,b)JI^(_j,2,a;2) 



< sup IJ-^^^_^22,X2) ^ -^inP ^ A 
■u^e(a,fe) 



(6.55) 



Keeping these preliminaries in mind, we now observe that we can make the 
following decomposition: 



£A 



^ ( _ sup ^ \u{x) - 1| > and 



xG[—x-i,xi\ 



sup \u{x) - 1| < 



u£ A 



£,(-4,4) 



sup \u{x) - 1| > 

,xe[-X2,X2] ^ 



u£ A] . 
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For the first term, we can now send the smallness condition into the boundary 
conditions in the following way: 



. x£[—xi,xi] 



1 



sup \u{x) — 1| < 



2K+1 

1 



sup \u{x) — 1| > 



2K 

1 



x£[—xi,xi] 

sup \u{x) — 1| < 

x€l-X2,X2] 



2K+1 



and 



u£ A 



and 



2K 



\u{x) — 1| < for a; G {ibxi, ±^2} and u £ A 



< 



sup 



e,(—X2,X2)\ -^1 — 

w|e[l-2--Ff,l+2--Ff] ^ '\xe[-xi,xi] ^ 



sup \u{x) - 1| > 



and sup \u{x) — 1| < 



X^\—X2,X2\ 



2K 



|u(±xi) - 11 < 



2^ 



< 



w^e[l-2--Ff,l+2--ff] \a'e[-a;i,a'i 



|u(±xi) - 1| < 



sup \u{x) — 1| > 



2X+1 



2^ /■ 



We can iterate this argument to reduce the probability to the form: 



U— ,«+ 



K 



sup \u{x) 

X€[ — Xl,Xl] 



sup 



1 > 



2K+1 



u£ A 



;,=l«Jj^e[l-2-'=,l+2-'=] 
^^e,{x_(^Ii_^.+2),^K~k+2) 



sup 



2:G[x_{;f_fc+l),a::/f_fc+i] 



— 1| > 



2k+l 



i{x±(^K-k+2)) - 1| < 



(6.56) 



Hence it remains to estimate the individual terms in the sum. The argument in- 
volves three steps: a large deviation estimate, concatenation, and an iterated rescal- 
ing of the deviation of u from 1. 



Step 1: Large deviation estimate. The first step is to derive a uniform large de- 
viation bound for the measures u^T'^o^ o« \- We show that there exists C < 00 
such that for every Iq < 00 sufficiently large, there exists £q > such that for any 
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u± G [1/2, 3/2] and e < e'q, we get 

1 



f^e.(-3i..3e.){ sup |^X(X)-1|>"^ 



«(±4) - il < 2 



<exp(-jL). (6.57) 

In the next steps, we will always assume eq < Eq to be sufficiently small in this 
sense, and this is the only restriction on eq in the proof of the lemma. 

To bound the conditional probability in (16.571 ) it suffices to establish an upper 
bound on 

<(-3£o,3^o) ( l^(^) " 1| - I ^""^ H±io) -M<1) (6-58) 

and a lower bound on 

<m13.o)(|^(±^o)-1|^^)' (6.59) 

uniformly with respect to u± G [1/2, 3/2]). To this end, we turn to the uniform 
large deviation estimates from Propositions 13.41 and 13.51 In fact, we do not even 
need the second condition in (16.581 ). and it suffices to bound the probability of the 
larger set 

Ao := \ue C{[-3io,3£o]): u{±3£o) = u±, sup |ii(2;) - 1| > 

The estimate (13.171 ) gives that for any 7, 5 > 0, we have for sufficiently small e 
that 

^^T-sl seMo) < exp ( - U^E{B{Ao,5)) - 7)), (6.60) 



e,{-3<?o,3fo)^ 

where AE is defined in (13.131) and 

^bc = C7([-34,34]): u{±3£o) = n±}. 

Consider now a small 5 > to be fixed below and a function u G B{Ao,5). 
Because the boundary conditions are in [1/2, 3/2] and Iq is large, the infimum of 
the energy must take place over functions such that 

max I mill \u(x) — 1|, min \u(x) — 1| I < — =. (6.61) 

[x&[~3eo~eo] xG[^o,3^o] J V£o 

(Indeed, u must be close to either 1 or —1 at some point in each of the intervals, and 
if u were instead close to — 1 on either interval, satisfying the boundary conditions 
would lead to an even greater energetic cost than the one we will arrive at below.) 
Let us label the minimizing points x_ and Moreover, let us define to be a 
point in (— ^o, ^0) such that 

\u{x^) — l\ > - — S. 

As above in Subsection 16. 11 we now define (f{u) := | ^/2V{s) ds\ and apply 
the "Modica-Mortola trick" on {—3£o,X-), {x^,x^), and (x+,3^o) to 
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recover 



inf E{u) > if{u-) — ip{u{x^)) + ip{u{x^,)) — ip{u{x-)) 
B(Ao,S) 

+(^(n(x*)) - ip{u{x+)) + (p{u+) - ip{u{x+)) 
> 2v?i/4 + V7(n_) + V7(it+) - o(l)£otoo - o(l)5;o, (6-62) 

where 

(^1/4 :=min{(/^(3/4),v?(5/4)}. 
On the other hand, a standard construction gives 

inf E{u) < ip{u_) + ip{u+) + o(l)4'^oo- (6.63) 

Now fixing 6 > and 7 > sufficiently small, the combination of (I6.60I ). (16.621) . 
and (16.631 ) gives for sufficiently small e that 

< exp (^JJ^-j . (6.64, 

We now remark that the lower bound on (I6.591 l follows easily from Proposi- 
tion 13.51 Indeed, for a fixed < 5 < ^ , the set of interest can be written as the S 
ball around the set Ai defined as 

Ai := |n: u(±34) = u±, \u{±io) - 1| < ^ - j}. 

We recover for any 7 > and for e > sufficiently small that 

l^tit,.jB{Ar,5)) > exp ( - ^(Ai^(^i) +7)), (6.65) 

where AE is defined in (13.131 ). The constraint in ^1 is inactive/slack in the opti- 
mization for £q sufficiently large, and the usual construction together with the usual 
Modica-Mortola estimate thus gives 

AE{Ai) < o{l)e,too- 
Plugging back into (16.651 ) gives 

which together with (16.641 ) gives (16.571 ) with C = I/991/4 as long as 7 is chosen 
sufficiently small. 

Step 2: Concatenation. The next step is to prove for any K ^ N that 

<2Kexp(^-^y (6.66) 

uniformly for u± € (1/2, 3/2). As usual, the idea is to break up the larger interval 
by conditioning on the boundary values. The restriction of the boundary values on 
each subinterval to (1/2, 3/2) because ofu ^ A will allow us to apply the uniform 
estimate from Step 1. 
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We will consider the non-overlapping subintervals [xfc, for k = —K, . . . , K- 
1. Decomposing the interval in this way gives 

1 



sup 



\u{x) — 1| > 



ue A 



<y^u^. + ^ sup \u(x) — 1\ > - u e A] . (6. 

\xe[xk,Xk+i] ^ / 

Now the Markov property impUes that for € {—K,...,K — l}we have 
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'£,{x_fii+l),XK+l) ' 



sup \u{x) — 1| > jandu G A 

.x€lxk,Xk+i] 



K 



{x-{K+l)<^K- 



.. n 1 



{|«(x,)-l|<i}l{sup[,^,,^^^] \u{x)-l\>^} 



(635t 

< 



sup /X, 

«^g[l/2,3/2] 



e,(xfc_i,Xfc+2) 



sup 



\u(x) — l| > - 



max{|u(xfe) - l\,\u{xk+i) - 1|} < ^) f^''s~{x''_''^^+,^,XK+iM) ' 

Hence, using the translational invariance of the measures u^T '"^^ \ > we bound the 
right-hand side of equation (16.671 ) by 



2K 



sup 

«±e[l/2,3/2] 



'e,{-3£o,3<?o) 



1 



sup \u{x) — 1| > 

xe[~eo/o] 



II < 



I6.57> 

< 2Kexp(^-^j, 

which is what we wanted to show. 

Step 3: Rescaling and iteration. In this step, we rescale the deviation of u from 
1. We fix k and consider the random variables 

u:= 2''-\u-l) + l. 

For u distributed according to ^^■^^"■^^^,the profile u is distributed according to a 
rescaled version of the measure. Indeed, the Radon-Nikodym density with respect 
to the Brownian bridge measure with modified noise strength and 
rescaled boundary conditions is proportional to 



exp (^-^ A^-^V (2-^^-^\u - 1) + l) dx 



(6.68) 



Let us give a name to the modified potential 

V{u) := A^-^V{2-^^~^\u - 1) + 1) 
and the associated energy 



E{u) :-- 



{dAf + V{u) ) dx. 



We now make a series of observations that will allow us to apply the same large 
deviation bounds from Steps 1 and 2 to the rescaled random variables ii. 
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First consider how the sets involved in (16.561 ) behave under the rescaling. Notice 
that u satisfies 

sup \u{x) -l\>^ 

X&lx_^j^_k+2),XK-k+2] 

precisely when 

sup \u{x) — 1| > -. 

x£[x_^ji_k+2),XK-k+2] 



Similarly, for the set on which we condition, we have that u satisfies 

1 

2k 



u{xj) - 1| < 4 for j G {-{K -k + 3),...,K-k + 3} 



precisely when u satisfies 

\u{xj) -M<\ for j G {-{K - k + 3),. . .,K-k + 3}. 

Hence each term in (16.561 ) can be bounded if we can establish that the bound from 
Step 2 also holds for the measure governing u. 

In order to show that the estimates from Step 1 and 2 hold uniformly for the 
measure of the rescaled random variables u, we need to be able to invoke Propo- 
sitions [33] and |33]( with uniform constants). This in turn requires uniform control 
on the boundary values, the minimum energy E over the sets of interest, and the 
Lipschitz constant of V. The boundary values are easy: On the sets of interest, the 
boundary values u± G (1/2, 3/2). On the other hand, the minimum of the energy 
E is bounded uniformly with respect to k on the sets of interest. Indeed, consider 

C := |u: \u{xj) - 1| < ^ fori G {-{K - k + 3), . . . , K - k + 3} 
and sup \u{x) - 1| > 

x£[x_^I^^k_^^2),XK-k+2] 

and let C denote the image of the set under the transformation n — u. By the 
usual method ("Modical Mortola trick" for the lower bound and construction for 
the upper bound), one can check that there exists R < oo such that, for every 
A; G N, one has 

inf E{u) = 4'"-^ inf E{u) < R. 

Finally, because of Assumption 11.11 we have a uniform bound on the Lipschitz 
constant of V. Indeed, let C := 3/2 + 2£qR + 1. Then uniformly with respect to 
k £ N, the potential V satisfies 

sup \V'{u)\ < sup 2^-^ \V'{u)\ 

\u\<C l«-l|<2-ft+i(C+l) 

< SUp|y"(T)|(C + l), 

where the supremum is taken over r G [1 — 2(C + 1), 1 + 2{C + 1)]. 

Hence, the potential satisfies the requirements of Propositions IT4l and 13. 5 1 The 
remaining requirement in order to invoke large deviation theory is that 

4''"^e < eo for all k < K, 
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which is true if 



Therefore we choose K to be an integer satisfying 

1 fT 1 



(6.69) 



With the restriction (|6.69l l on K, the arguments used in Step 1 and Step 2 carry 
over to the rescaled measures governing the u. 

We are now ready to complete the argument. Indeed, recaUing the decomposi- 
tion from (I6.56I ). we have 



\xe[-eoA-,] V £0 

1 



^ U— ,u 



)6.56> 

< 



K 



sup \u{x) — 1| > 
\x€l-eo/o] 

sup 



u£ Aj 

ue A 



fc=l«(j^G[l-2-'=,l+2-'=] 

^^£,{x_(ji_t,+2)^^K-k+2) 



-k+2)) 



sup 

x€[x_(^jf_k+i),XK-k+l] 



1 



\u{x) — 1| > 



2fc+i 



(6.70) 



From the preceding argument, we can now apply the estimate (16.661 ) for the rescaled 
measures to bound the k^^ summand above by 



2{K -k + 1) exp 



1 



Substituting into the right-hand side of (I6.70I ). we deduce 



K 



^xe[-£oM 
< ^2(K - A; + l)exp 



sup \u{x) — 1| > 

1 



u£ A 



k=l 
K-l 



- ^E('^--*)(-(-d^)) 



for r := exp 



k=0 
oo 



Ceo 



2r 



< 2^^ k'r^' = 777 <4r for r G (0, 1/41. 



k'=l 



□ 
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Proof of Lemma 1572] We start by defining some sets. We denote the set of paths 
that we condition on by 

A:={ue C([-4, 4]) : \u{±{2k - 1)4) - 1| < ^, A; = 1, 2, . . . , K,]. 
For e, eo > let us also fix the following subset of A 



As := |u G A: |u(±4) - 1| < j^— 

Then Lemma 15.11 implies in particular that, for a small but fixed eq > Q and for 
e < eo> we have 

From now on, we fix an such that this identity holds. This will be the only 
restriction on eq. 

Let us also introduce a notation for the set of paths that have a hitting point of 1 

in [-4,4] 

B:={ue C([-4, 4]) : 3x G [-4, 4] such that u{x) = 1}. 

As a slight abuse of notation we will use the same letter B to denote the set of paths 
u € B restricted to [—4)4]- 

Using the Markov property (13.7l l. we get for any G [1/2, 3/2] that 

n > ^"(5,,^) (A n B) (6.12) 

Our main task is thus to derive a lower bound for the probabilities 

<M:/o)(^) (6.73) 

that holds uniformly in the boundary conditions. In view of the definition of Ae, it 
is sufficient to consider boundary conditions u± that are 

0(e^/2) close to 1: 

\ 1/2 / \ 1/2 



1 - y—j < n± < 1 + j . (6.74) 

As in the proof of Lemma |5T1 we rescale the random profile u around 1, this time 
by a factor e 2 . More precisely, we consider the transformation 

u{x) := E-'^/^{u{x) - 1) + L 

According to its definition, a path u is in the set B if and only if u is in B. Hence, 
we can express the probability (16.731 1 in terms of u. 

The random variable u is distributed according to a rescaled version of • 
The variance of the Gaussian reference measure becomes one and the rescaled 
boundary values are 

u± := e"^/^(tt± - 1) + L 

Note that the condition (16.741 ) implies that these rescaled boundary conditions take 
values in an order-one interval around 1. More precisely, the distribution of u is 
absolutely continuous with respect to ^"^-1"^ ^iid Radon Nikodym density 
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of the rescaled measure is proportional to exp ^ — J_^^ ^(^) '^^j > where V{u) :- 
(e^/^(M — 1) + l). Hence we can rewrite 



(6.75) 



The denominator of this expression can be trivially bounded above by 1. To get a 
lower bound for the numerator, we can write for example 

^"^Xet (i^(^) ( - r ^^^^ ^^)) 

> Ef!v;;-"+(le.(n) exp ( - V{u)dx)) 

> ^t(~Zio) (^*) ( - £l ^(^) ■ (6.76) 
Here we have made the probability smaller by restricting the integration to the set 

1/2 



B* := < u e B : sup \u{x) — 1| < 3eg 
I xGl-ioM 

Using the translation invariance of the Gaussian measures, we can get a lower 
bound on the Gaussian probabilities that holds uniformly in the boundary condi- 
tions. For example, set 



B** := {u G C{[-£o, 4]) : sup u{x) G {e^ 2e^ 



1/2^2,-1/2, 
1/2 -1/2^ 



and inf u{x) G (— , — )}• 



— 1/2 

Then, on the one hand, for every path u G B** and for all -t G [1 — , 1 + 
Eq ^^'^], the shifted paths u + h^^Z'^\) lies in B* . (Recall the definition (13.41) of 

On the othu i.a.iu, ^^.11.11.1^.1, ^1.11.1115 "{-to, to) 



the affine profile h^^_'^\^-^)- On the other hand, by definition, shifting by /i" 
transforms the measure W?'? „ « ^ into W^V^'^ « ^ . This implies that 



i^*) ^ KUoM (^**) =^ ^ > 0- (6.77) 
Hence it remains to get a lower bound on the second term in (16.761 ). As above in 
the proof of Lemma ISTTl Assumption 1 1 . 1 1 on V and Taylor's formula imply that V 
satisfies 

sup sup e~^V{e^^^{u - 1) + l) =: (7 < 00. 

|„_l|<3,-i/2 eG(0,l) 



Plugging this into (I6.76I ). we get 
exp ( - / 



inf exp f - V(u) dx) > exp(-2C4). 
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Hence, summarizing this calculation, we get unifomily for all u± satisfying (16.741 ) 
that 

<(l",;,,„)(^)>cexp(-2C4). 
Finally, plugging this back into (I6.72I ). we get 

^"1-4,4) (-^ n ^) ^ ' exp(-2C4) {As) 

^ lcexp(-2C£o)<(:",:,,^)M). 

Thus we get the desired conclusion for 1 — A := ^cexp(— 2C£o)- D 

Proof of Lemma ITT?) Step 1. We begin by ruling out long layers to the left and 
to the right of Y. Once we know that layers are bounded in length, we can use 
a reflection argument as in the proof of Theorem 11.51 to turn them into wasted 
excursions and estimate their probability. To this end, we define the set Ay,2 of 
functions that are bounded away from ±1 on a whole subinterval outside of Y: 

Ay,2 := {ti G Jy : there exists a k with 

k < or k > — 1 such that 

n e [— 1 + 5, 1 — 5] on all of [xk,Xk+i]} ■ 

As usual, we note that Ay,3 is contained within Ay^2 U {Ay,3 H £iAy,2)- Our first 
step is to show that (15.61 ) holds for Ay,2- In fact, Ay,2 is of higher order for M and 
S'^i sufficiently large. 

The set Ay,2 can be written in the obvious way as the union of sets Ay 2 th^t 
have bad behavior on a given subinterval [xfc,Xfc+i]. Without loss of generality, 
suppose that k < k^. 

Then we introduce the following sets for a Markovian decomposition: 

A^ := {u: \u{xj)\ < M for all j < k - 1} , 
A® :={u: \u{xj)\ < M for all j >k + 2, 

and at least one up layer < 2£ in y} , 
A® ■.= {u: \u{xj)\ <Mforj = A;-l,...,/c + 2}, 
■^tk ■={u^Af:ue [-1 + (5, 1-5] on all of [xk,Xk+i]} . 
We remark that 

-4® G J-[-L„.,_,], and ^® 
while ^® G and ^^fc G -^[x^.i.Xfe+J- 

Consequently, the decompositions 2 = A^ <^ Af^f^ Ci A® and Jy = A^CiAfn 
A'^ lend themselves to an application of the Markov property from Lemma 13.21 
We will often use such decompositions in the proofs below. 

In the proof at hand, the Markov property from Lemma 13. 2 1 gives 
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It suffices to bound the ratio of expectations on the right-hand side. For the denom- 
inator, we observe that 

inf E^-'"-'«+ (1 a) > 1 (6.78) 

for M sufficiently large. In fact, this bound follows immediately from the large 
deviation bound (13.171) and a simple energy estimate applied to the complement. 

Hence, it suffices to bound the numerator. Recalling the bound (I4.12I ). the ex- 
pectation in the numerator can be estimated by 

/ Ifd^t W ( 5^1-1 

exp — -— 27 < exp 



For sufficiently large, this drops below the threshold expressed in the exponen- 
tial in (15.71 ). Hence, summing the probabilities of Ay 2 over k, the probability of 
Ay,2 is negligible in the sense that, in order to establish (I5.7l i. it suffices to show 
that it holds for Ay^z '■= Ay^z \ Ay,2- For ease of notation, we drop the tildes for 
the remainder of the proof of the lemma. 

Step 2. We will now show the desired bound for Ay,3- That is, we will show 
that for any 7 > there exists an eg > such that for all e < Eq we have 

The proof uses a reflection argument very similar to the argument in the proof of 
the upper bound in Theorem 11.51 

As above in (15.51) the set Ay,3 can be expressed as Ay^s = Ay^ U Ay^ where 

Ay^ = {u € £iAi n C^y_2 : u has a 5^ up layer 

contained in [— L^, k^£] and a 6~ up layer < 2£ in Jy | , 

Ay^ = {u € CAi n CAy^2 '■ u has a 6^ down layer 

contained in £, L^] and a 6' up layer < 2£ in Jy } . 

We wiU only give the bound for the set Ay^. The proof of the corresponding bound 
for Ay^ follows in the same way. The set Ay^ is contained in the union of k from 
-{Ns - 1) to k_ of the sets 

:= {n G C^i : u has a d~ up layer 

contained in x^+i] and a 6^ up layer < 2£ in y } . 

As in the proof of Theorem 11.51 we will transform the additional 6^ transition 
layer into a wasted 6^ excursion to control the probability. We need to reflect in 
such a way as to (a) create a wasted excursion in [xk-i,Xk+i] and (b) leave at least 
one 6^ up layer in Y. To this end, we define the left stopping point capturing the 
additional 6^ up layer 

X- = infjj; > Xk-i ■ u{x) = 

and u{yi) = —I + 6 for some yi e {xk^i,x)} 

and the right stopping point 

X+ := sup {x < y-^-: u{x) = and there exist yi < y2 

both in (x, y+) with u{yi) = —1 + 6, u(y2) = 1 — f^}, 
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where ?/_(. := sup Y is the right boundary of Y. As before we will use the conven- 
tion that x± = if these sets are empty. As in the proof of Theorem 11.51 the 
reflection operator 

reflects the paths u between the stopping points x± while preserving A^J^l^^ ^ y 
On the other hand, it maps the set Ay 3 into the set 

•^Y3 ■~ ^ ^-^1 • ^^^^^ ^'^^ wasted 5~ excursion in [xk-i,Xk+i] 
and at least one 6^ up layer < 2i in J'y } . 
Hence, the estimate (15.71 ) will follow if we can establish, uniformly in k, that 



t^:l'XL.) W^S) ^ /^e:;- L.L.)(^^)' (6-79) 



which will follow from the Markov property and a large deviation estimate. Indeed, 
let us define the following sets: 

Af := {u: \u{xj)\ < M for all j < A; - 2 } , 

{u: \u{xj)\ < M for all j > + 2 and at least one 6~ up layer < 2£ in y| 
{u: \u{xj)\ <MfoTj = k-2,...,k + 2}, 
{u G A^ : u has a wasted 5~ excursion in Xfe+i]} . 



A® 



Then we can decompose ^^'3 = n ^® ^ n Af and Jy = A'^ D A'^ D Af , so 
that applying the Markov property as in Lemma 1X2] gives 

-1,1 / A-,k\ ^ ixk-2,Xk+2)^ -1,1 



It now remains to estimate the ratio of expectations. Recalling (I6.78I ). it suffices 
to bound the numerator. For this purpose, we remark that (14.251 ) yields that for any 
7 > and for (5 > sufficiently small, we have 

(where, as usual, we have redefined 7 by a factor of two). Substituting these up- 
per and lower bounds, (I6.8OI 1 improves to (16.791 1. and the proof of Lemma l54l is 
complete. □ 

Proof of Lemma |531 We will show (15.81 ). The proof of (15.91 ) is similar. We can as- 
sume that the interval J| _ is contained in [— L^, L^]; if it is not, the proof becomes 
even simpler. 

Given the bound (15.41 ) on |, it is clearly sufficient to prove that for any fixed 
/c G Xi , we have 

^'s}-L,,L,) ^ ^ ^^3,y ■ H^k) + 1| > ^ 
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This in turn will follow trivially from 

- ^''p{-^)^'sl-L.,L.My^e)■ (6.82) 

In order to establish (I6.821 i. we again introduce a decomposition. This time we 
define the sets 

:= {u : \u{xj)\ < M for all j <k-2}, 
A® := {u: \u{xj)\ < M for all j >k + 2, 

at least one 6^ up layer < 2£ in Jy^^ | , 
Af :={u: \u{xj)\ <Mforj = k-2,k-l,...,k + 2, 
n < 1 - (5on [xfc_i,Xfc+i]} , 

The set on the left-hand side of (16.821 ) can be written as A^ Ci Af^^ k ^ -^fc ' 
have the containment 

•^k ^ ■^k ^ -^k — -^y-E' 



SO that applying the Markov property from Lemma ll!2] leads to 

^^e,i-Le,L,) {•^k ^ •^l/2,k ^ ■^k ) 

Therefore, to show the desired estimate (I6.82l i. it is sufficient to establish 

Ef-"-'"+ ,(1,0 {u)) / o 



To get a lower bound for the denominator, we will as usual use the large devia- 
tion lower bound from Proposition 13.51 For this, we note that 

At = B{Ab) 

where A = {u: \u(xj)\ < M - 6 for j = k - 2, . . . ,k + 2, 
n < 1 - 2(5 on [xk-i,Xk+i]}. 

Therefore, the large deviation bound gives that for any 7 > and for e small 
enough 

To get an upper bound for the numerator of (I6.83t . on the other hand, we will 
use the large deviation upper bound from Proposition 13 .41 For this, we observe that 
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the closed bjl ball around J^i^ ^ is the set 

A ■.=\u: |n(xfc)| < M + 5, for j = A; - 2, . . . , A; + 2, 
■u < 1 - (5/2 on Xfe+i], \u(xi,) + 1| > 



so that the large deviation bound gives 



-^?/2,fc) ^ exp (^-i(A^(^) +7)^ . (6.: 



I J < ( -T(Ai^(^) + 7) ) . (6.85) 

We substitute (16.841) and (16.851) into the ratio on the left-hand side of (16.831 ) and 
observe that there is a cancellation of the second factor in the energy difference 
(see equation (13.131) ): 



^ < exp inf E(u) - inf E(u) - j)] 



Hence, the final ingredient that we need is the following energetic fact. 

Lemma 6.7. There exists C < 00 such that for any M large enough and 6 > 
small enough, there exists < 00 with the following property. Let i > i^, and 
consider the boundary conditions u± £ [—M, M]. Define the sets A and A as 

A:={u: \u{x)\ < M - 6forx = -2i, -i,...,2i, 
u<l-26on [-£,£]}, 



^: = |n: |u(x)| < M + 6forx = -2£, -£,...,21, 

u< 1-6/2 on [-£,£], \u{0) + 1| > 

Then there holds 

inf ^(x,_2,x,+2)M - inf ^(^,_2,x,+2)(") ^ - C5, 

where 

ci := 2min ^ y/2V{s)ds, j y/2V{s)ds^ . (6.86) 

This lemma is virtually identical to Lemma 16.61 The principal difference is 
that here the excursion from —1 is only of magnitude 1/2. This changes only the 
leading order cost (from cq to ci). We omit the proof of the lemma. □ 

Proof of Lemma IJM We will prove only (15.101 ). the proof of (15.1 11 1 being essen- 
tially the same. We will always assume that the left endpoint of the interval _ 
is greater than or equal to — (since otherwise the boundary condition at — 
trivially implies the result). 

Notice that the set of paths u G J'y^s that do not hit —1 in Jy _ is contained in 
the following two sets 
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• The set of paths (a) in Ay^ (extra 6^ layers: recall (15.51 )) or (b) without 
extra layers but more than 1/2 away from —1 at a gridpoint for some k in 
Xi. 

• The set Ay^ of paths in J'y^i. that are within 1/2 of —1 at all gridpoints 
with A; G XI but do not hit — 1 in 

Hence, because of the bounds already established in Lemmas 15.41 and [531 we will 
be done as soon as we show 

We remark for reference below that we may assume M > 3/2 so that | n (xfc ) — 1 1 < 
1/2 implies \u{xk)\ < M. 

The interval J| _ can naturally be divided up into subintervals of length 
i{2Ke + 1). We set 

kj := kl_+j{2Ke+l) for j = 0,...,Ke, and Ij := [xj,^ , x^^^ J for j < K^-l. 



We want to use the Markov property and then apply Lemma l5^ on these subinter- 
vals. Therefore, as usual, we introduce some sets for a decomposition. 



A® 


:={u: 
:={u: 


■■ \u{xk) 
■ \u{xk) 


i| < Mfork < 

i| < Mfor A: > 6~ 


up layer < 2£ in Jy^e} 


A® 


:={u 


■ Hxk, 


)-l| < -forj = 0, .. 

1-2 -J 




A® 


: = {n: 
:={u 


■■ \u{xk) 


- 1| < - for Xfe G Ij}, 
no hitting of —1 in Ij } . 





We now write Ay 4 as the intersection 

Ay^^ = A^nA'^nAgn( f] A\^ , (6.88) 

V i=o ^ 

and apply the Markov property (Lemma |3^ times to deduce 

j=0 

K,-l 

= K(:Ci)(l^e(n)l^e(n)1^0(n) U ■ (6-89) 

j=0 ^ ' 

According to Lemma |5]2j we have 
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unifomily over all paths u that satisfy u(x^^),u(x^^^^) G [—3/2,-1/2]. Weinsert 
this bound into (16.891 ) and then use the Markov property once more to recover 

j=0 

j=0 

Since 

j=0 

the combination of (16.881 ) and (16.901 ) completes the proof of (16.871 ). □ 
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